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Foreword 



Thinking Through Mathematics is one of a new series of publications 
initiated by the College Board's Educational EQuality Project — a ten-year 
effort to improve the quality of secondary education and to ensure equal 
access to college f:ir all students. The books in this series will address 
what many observers are beginning to recognize as the central problem in 
significant educational change: the work of teacliing all students, not a 
few, how to become competent thinkers (Resnick and Klopfer 1989). This 
work, if successful, will bring into existence a new conception of the place 
of thinking in the high school curriculum. Rather than being treated as a 
special, separate, and final skill, thinking will become the substance of the 
most basic classroom activities for all students in all subject areas. This 
series is designed to convey through discussion and example how many 
teachers are already making this new conception a reality in their class- 
rooms — how, that is, they make even ordinary moments occasions of 
thought for their students. 

Thinking Through Mathematics focuses on how mathematics teaching 
and learning can be improved by developing more powerful approaches to 
connecting thinking and matliematics. In so doing, it explains changing 
perspectives on what it means to learn and do mathematics, and explores 
how these perspectives can l)e incorporated into the teaching of secondary 
school mathematics. Other books in the series will address thinking in 
history, science, the arts. English, and foreign language. Each will explore 
how immersion in knowledge is required for thinking. .Ml ot the hooks, 
however, draw on l)oth recent cognitive research and actual instances of 
classroom practice to convey how thinking should not be an activity that 
comes late in the curriculum after the acquisition of content, l)ut rather is 
integral to successful learning in even the most commonplace and basic 
classroom situations. With deliberate purpose. Thinking Through Mathe- 
matics and the oth(^r liooks in this scries constitute a response to what 
Lauren K(^snick has described as the urgent need ""to take seriously the 
aspiration of making thinking ... a regular part of a school program for 
all the population, even minorities, even non-English speakers, even the 
poor'' (Kesnick 1987). 



Robert Orrill 

Office of AcadcMuic Affairs 
'I'hc ('ollege Board 
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Preface 



We hope this small book will stimulate discussion among teachers about 
the imf)lications of some changing perspectives (m what it means to learn 
and do mathematics, and how those perspectives can be incorporated into 
the teaching of secondary school mathematics. In Chapter 1. we offer a 
view of mathematics as emerging largely from individual and social activity 
rather than only from textbooks, worksheets, and tradition. We also picture 
the learner of mathematics as someone who actively constructs meaning 
rather than passively receives *t. In Chapter 2. we consider how a greater 
emphasis on communication i.i the mathematics classroom yields divi- 
dends. Discussion and debate, recording, and writing stimulate and un- 
cover students' learning and thinking and lead to deeper understanding by 
both teachers and students. Next, we explore how teachers might encour- 
age greater inquiry and communication in a secondary school class by 
making minor, but thought-provoking, changes in ordinary problems and 
situations. Finally, we give some practical advice on getting started in the 
risky, but rewarding, business of transforming the mathematics classroom 
into a place where students are expected not only to absorb and consume 
mathematics but also to produce and think about it. 

A central theme in this book is that mathematics teaching and learning 
will be improved if we can find more powerful approaches to connecting 
thinking c d mathematics. Students can learn thinking through mathe- 
matics when they see the mathematics classnxmi as a place in which there 
is an open invitation to be thoughtful, and when they understand that 
mathematics is connected to a rich variety of interesting situations and 
problems. Toward that end. we have providc^d examples as a way of stim- 
ulating teachers, working in groups or individually, to find, construct, and 
invent their own activities and problem situations. Interesting problems 
and mathematically promising situations are all around us, once we become 
sensitive to finding them, become active in looking for them, and begin 
collecting them systematically. 

We expect that souk* of our example problems will be familiar to many 
teachers, but that otiu^s will be new. In our discussion of the examples, 
we have tried to illustrate that interesting classroom opportunities for 
mathematical thinking can be <M)nstructe(l not only from the considt^ration 
of novtd situations drawn from newspaper stories or everyday (experience 
hut also from tlie us(» or adaptation «)f w(Ml-kiiown probh^ms or tasks taken 
directly from t(*xll)ooks. 

If wv are to involve our students and ourselv(»s in a process of matlie- 
matical irupiiry and ih\csligation like the one (»ullined here, we will alt 
need suggestions, (Micourag(Mnent. and *<upp(»rl. We hope that the infor- 
mation contained here will provide the impetus for many of us to Uc<i\u 




and sustain thr journey. \\V also hop(* that those who find sonic measure 
of success will share their experiences \Nith others in the mathematics 
education community. Our community will tirow and thrive to the e\t(»nt 
that we can nurture not only our stu(i(Mits* mathematical thinki!i^ hut also 
our own professional ^rrowth and that of our colleagues, 

Makin^z mathematics come to life through the consideration of int(MH*sting 
prohlems re(iuircs no s})ecial talent, and it is not a gift restrict(»d to a few 
expert pedagogues. Teachers may finci it useful to collahorate with col- 
leagues in developing collections of prohlems and situations ttiat have 
worked \s(dl for them, hut ultimately (vicli teaclnM' has to find the ones that 
fit with his or her own vision of mathematics, teaching style, and instruc- 
tional goals. We hope the examples in this hook will provide a starting 
point for a teacher's reflection on teaching mathematics — a [jcrsonal op- 
[x^rt unity for tinnkinfi through nidthrmntics. 



!• Rethinking Mathematics Teaching 



Kach year New ^ork (!ity loses tliousaiids ot trees in its parks and aloiij: 
its streets to eoiilraelors who ri[) out trees to clear the view, and to vandals 
who chop (|(»\vn trees for kicks. The f^arks l)eparlnH*nt is resp)onsil)le for 
(^nsnrinti that the tr(^(*s are restorcMl by tlu)se who remove or destroy iheni. 
At on<» time, the department us(^d a simp)le fornnila to determine how trees 
were to he re[)laeed — a tree for a tree. That is. a Wvc that was. say. 12 
ineh<'s in diameter eoiild he replaced by a sin;ile tree of any diameter. 
Later, a second formula was used — an inch for an inch. A l2'-ineh tree was 
to l)e replaced hy four .'i-inch trees, or three 1-ineh trees, or any other 
coinhinalioii as lon^ as the combined diam(»ters were 12 iriches. Today, a 
third formula in use — a stpiare inch for a scpuirc inch. That is. the 
combined area oi the replacement tree trunks, as riieasuved in a cross- 
section, nuist cipial the an^a of the ori<iinal tre<' trunk. 

Mrs. Walsh, a mathematics teacher, read about these formulas in a 
newspaper article. She decided that the situation of tr'ce i ('pla<-emenl in 
New ^ork ('it\ could sci\<» as the ba^is for ^ornc cla^s work on function*-, 
She wanted a topic from ical life that student^ would understand and in 
which tbe\ could cKplore mat liemat ical idea^. She wanted her student^ to 
realize that doinji matbcuuUic^ wa^ a common acti\il\. and she wanted 



Notes 



them to view themselves as capable of making sense of new problem 
situations in the world around them. She describes her experience: 



I had been reading a lot of articles about the importance of developing 
thinking skills in mathematics. I wanted to find some problems tliat 
were different from the textbook. Other teachers had tijld me that the 
daily newspaper was a good source of realistic situations. I decidc^ci 
to ask the students in my algebra class to make up their own problems 
from situations in the paper. I thought that was better than giving 
them problems I had made up. I told them about the three tree- 
replacement functions that had been used in New York. >\'e agreed 
to simplify the situation by first considering the replacement of just 
one 12-inch tree. The students started out working in groups on the 
problem of graphing the number of replacement trees as a function 
of the diameter of the trees used as replacements — assuming all had 
the same diameter. I asked each group to look only at replacement 
diameters between 0 and 12 inches and to construct the graph for 
each of the three rules. 1 also asked them to write a function rule for 
each set of points. 

Mrs. Walsh used the graphing activity as a way of getting into the 
situation because the process of plotting points retjuires students to con- 
sider how the function behaves and can provide a visual and conceptual 
basis for an eventual algebraic formulation. The students could sec the 
functional relationship corresponding to each rule. If students are going to 
make up their own problems to solve, they need some context out of which 
the problems can arise. The tree-replacement context i> rich in mathe- 
matical relati(mships. but students need time to see and explore. Once 
they understand better what is going on. they are in a position to think 
about problems. 

Bv asking her students to work in groups. Mrs. Walsh enabled thcni to 
divide up the graphing tasks — choosing values, calculating coordinate^. 
and plotting points — thus making more time available^ for thinking about 
the relationships. They could also monitor each other's understanding. 

Some (if the groups connected the points that they plotted to crcat(^ 
a smooth graph, but others left the points unconnected ls(^e Figures 
1-1 and 1-2 bel(»wl. We got into a very interesting discussion, actually 
a heated debate, about whether or not the points should he coiuicctcd. 
Although the students didn't use these terms, the argunuMit cenlc^red 
on the fact that th(* numlx^r of replacement trees was a discrete 
variabh* while the number of inch(*s in the diameters was a contiiuiou^ 
variable. Students who wanted to connect the points agreed that lh<* 
number of replacement trcM-s had to be a whole number, hut ihcy aUo 
kiie\N the diameters did not have* to he whole mimbers. In the end. 
we all agreed that the poiiits should not be connected because one <»t 
th(» variables was not conMnnous. That was oiu* of the ino>t interesting 
diseiissions about graphing thai Tve ever had with a cU»>^. 
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Srvrral <:rnups iiotMlcd some help writing the second and third func- 
linn rules alf^ebraieally. They could say in words what was needed, 
inW they cnuldn't write it until we introduced the notation that jt" would 
l>e the dianiet(T of the replacement trees and n would be the number 
nt' tr(»es. That helped, and most were able to get n = l2/x for the 
secnnd. A few got n = 144Ar* for the third. When I told them that 
tlu^y had l)een dealing with hyperbolas and other complicated func- 
tion>. th<^y were impressed! 

Later, I a>ked the students to work together in the same groups to 
make up two problems ab<nit replacement trees. One problem was to 
l)e like tlie word problems in their textbook. I didn't give them any 
examples lie^-ause 1 didn't want them to copy what 1 said: besides, 
they all know what those problems look like. But I asked that the 
>ecnnd problem be more challenging and unusual. I suggested that 
they use their graphs to give them ideas. I told them that once their 
problems were written, the groups would exchange and try to solve 
each others* pro[)lems. 



Notes 
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Nunihrr ul' 'iVcc^ 

Fipiure 1-2. ''L noonnectecr" (iraph of Tree-Replamm^nt 
Problem. 

'Vhc teacher asktul stiult^nts to work in <:n)ups hccausc ^lic was coii- 
C'criH'd that although making up a tcxthook-likt^ prohlcni would hv easy. 
inakin<!: u[) a chalit'iigin*: and nonroutinc prohloni nii<:ht he ratlior difficult 
for students unless they had others to help theni. The teaeher wanted 
students to write two kinds of prohlenis. partly l>eeause she wanted tluMii 
to he sueeessful on at h^'st p.art of the task, hut also because she wante<l 
them to luiderstand som;Mhin<: of the difference hetwoeri the two types of 
problems. She had he(Mi emphasizin*: techniciucs of problem solvin*:. and 
she thoii<iht that by havinti: the students c(tnstruct their own problems she 
could help them improve their understandin<i of what a problem is. and 
w hat can make it difficult or easy. 

I fouiul that while the students had worked (luietly and dilijzcntly on 
the <!:raphin}Z part, they }zot very noisy when it <*anie to \vritin}Z prob- 
lems. There were manv (lisa;ireemenls about what a flood problem 
uoidd be. I had to keep movin<i Irom <iroup lo <iroup to get them t(» 
lower their voices, Mnally. I had to tell them tliat we woidd *-top our 
;zroup work for the time being and come back to this problem writitig 
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another day. Tlial did it. I)ccaii>c llicy really did enjoy [\w aelivilv. 
They eouldirt do il calmly enoiitrli. 

\/d{cv liial \\(*ek. we ^oi hack into the same t:roii[)s and ht^tran 
working: ajiaii) on our pro|)h«nis — this lime, more siieeessf iilly and 
(|uielly. Some sludenls liad he(Mi ihinkinj: about <rra[)h> and what 
they meant. None of the trr()U[)s had any real Iroulde w riting a textbook 
word [)rol)iem. Almo>l everyon(» eume with "How many nn>re 3- 
ineli tre(^s than l-ineh lr(*es ar(» needed lo re[)laee a I2-ineh tree under 
the xfuare-ineli rule.'''" 

Hut they were \rv\ inventive witli tin* nonroutine [)rohlems. One 
j:rou[) made u[) a story about a new F^irks Su[)erinten(h*nt who en- 
forced a cuhic-incli-lor-a-( ubic-incli rule. They want(Ml to know what 
dilfcrence tliat wouhl make. com[)are(l to the scjuare-incli rule, if a 
tree s lieijilit incrc^ased hy a foot evc^y time its diameter increased l)v 
an inch — not a very realistic assum[)tion. hut one that h^d to an 
iiiterestinti invesliiration. Anoth(M' j:i*ou[) asked how tlie increase from 
tile fust lo llu* s(^con(| formula comi)ared with the increase from the 
S(M'ond to the third formula. Tlie otluM' stud(Mits had a lot of troubh^ 
solvint^ that one alircbraically. altliouirli [hey c(Hild see it jreometrieally. 
."^ome <rrou[)s wrote i)roblems tliat I mys(df couldn't s(»e bow to work, 
and some of their i)rohlems didn't seem to have any »:ood solution. 
Hut the >tud{*nts obviously eiijoyt^d inventing dii'ficult [)robl(Mii'^ and 
tryiii<; to work each others' problem^. In ihe [)roc(*ss. ihev mav ha\e 
learned >omethin<: about uhat niake> a t>o(td [jroblcm. If notbin<i else, 
they leaiiied lhal ehallenjiin<i; i)robl(Mns are not easy to write. 

Tlie >tudenls in Mrs. Walsh'^ cla>s have learned >(unethin<i; about, func- 
liou> in a reali>tic c(mte\t. The Parks l)e[)artment wanted [ti increa>e t'^ic 
amount oi wood re[)laccd when a ti'ce i^ de>(royed. Kacb functional rela- 
tionship the department ( ame up with was more coni[)licate(l than the 
precedin<2: one. but yielded a hi<:her return, riie students saw thi> jzraphi- 
cally. and llu^y u^ed tlieii ktiowled<:c (if al<:ebra to express each iclation- 
slii[). Tlu'y >au how aljiebra c()uld he applied to explore and understand a 
coiuplex. pra( tical situation. 

The Changing: View of Matheniaties E<lueation: 
Beyond Bits an<i Hierarchies 

Mrs. WaUh's elfort*^ lo make al<:ebra come alive for her ^tudeiit^ reflect 
chan<rinji \ie\\K about uhat it means to learn and d(> matbemalie^. For 
year>. leachei*- ha\e complained that students are borecj b\ hijib school 
mathematics. \\\ the time student^ jiraduate. llie\ lui\e forjiotlen mo^t of 
wbal lhe\ were -uppo^cd to h-arn. and lhe\ pi(»(daim. often with a bint of 
misplaced piide. "I ne\ei was an\ jiood at matlienuitics," Tb(» malhernatic- 
tbe\ sa\ lhe\ were no <:ood al wa^. b\ and larjic. the malbeinatics of 
routine compulation and manipulation uisualU with some lot nial* [)i (m»| 

in I lll\KI\(, \l Mill \t \l U 1 1- \( !ll\(. 

15 




thrown in). Mathematics was little more than a colleetion of recipes that 
students were expected to memorize and practice. 

Courses for teachers used to stress how important it is to hreak the 
teaching of a suhject like mathematics into discrete pieces organized in a 
logical hierarchy, like the bricks in the walls of a building. The student 
begins at the bottom, with the simplest possible tasks, and works his or 
her way up the wall — the complex task having as prerequisites ail the 
simpler tasks below it. Unfortunately, this metaphor for organizing instruc- 
tion has two flaws: it ignores how people learn, and it distorts what they 
are learning. 

The brick-wall metaphor is a helpful way of showing how a C(.)mplex 
task can be broken down into simpler ones, and it can also help us to 
analyze apparently simple tasks to see how complex they really are. It 
reminds us about how the various things students are asked to do should 
fit together int(j some coherent whole. But many decades of research on 
human learning of complex subjects suggests that people do not always 
learn things bit by bit from the ground up (Resnick, 1987). They often jump 
into any situation with some knowledge, however rudimentary or inac- 
curate, and. even before they have mastered specific technicjues. they 
begin fitting their knowledge into a larger picture. Students bring their own 
interpretations of tasks and concepts to the instructional process. Forcing 
them to master all the so-called prerequisites in a hierarchy before moving 
on dooms many of them to trivialized, repetitious instruction and keeps 
them from seeing where they are h(*aded. They cannot see the building for 
the bricks. 

More important, the metaphor assumes that (werything worth consid- 
ering about mathematics as a school suhject can ho put into hierarchically 
organized collecti(ins of "bits." But mathematics is rnon* than sets of 
procedures to be mastered or rules to he nu^morized. it includes, among 
other things, the investigation of patterns, the formulation of hunches about 
what generalization might fit a patt(^rn. the communication of arguments 
for or against various conjectures, and the understanding of fundamental 
conc(»pts well enough to judge wh(Mi to use a particular skill. It is as much 
about processes like problem solving, probhmi posing. conj(H'turing. jus- 
tifying, and convincing as it is about the discrete bits that fit neatly into 
knowledge hierarchies (Nativ)nal (Council of T(^achers of Mathematics. 
1989a). The logical structure imi)licit in much of mathematical knowledge 
has s(^duced us into beli(*ving that tlit* hii^rarchical. simph^-to-complex 
ordering that can Ix^ imposed on mathematics is synonymous with mathe- 
matics itself. \\ luMi we stop to analyze what doing mathematics is really 
like, we svo that the metaphor of bits or bricks do(^s not fit. 

Constructing Understanding 

Mathematics teacher^ <irc realizing that learning is not rccci\ing and re- 
membering a transmitted message, instead, ^^educational research otters 
compelling evidence that stuch^nts learn mathematics w(^ll only when th(»y 
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construct their own niatlicnialical midcrstandintr" (Mathematical Sciences 
Kdueation Board. 1989. p. 58). This view is not new, but it is bec()niin<i 
mor(^ useful to teachers as its implications ar(^ hein^ developed hy rv- 
searchers in coiinitive psychology and mathematics edu(*ati(>n. 

Constructing mathematics involves more than accpiiring new conce[)ts. 
It also involves re-constructing prior knowledge. Kieran's (1981) work oil 
the difficulty studenti> have in first learning to solve hnear ecjuations gives 
an example of how students' poor conceptions infiuence their accjuisition 
of new mathematical knowledge and may recpiire some instructional mod- 
ifications. She found that, probably as a direct result of thet*- extensive 
arithmetic experienc(\ students beginning the study of al' a tend to 
think of the e(|Ual sign as a "do-something" signal. That is. tme writes the 
equal sign to signal that it is time to perform some calculation indicated 
to the left of the e(|ual sign, after which one writes the "answer" — the 
result of the calculation just perfornu^d — to the right of the sign. Students 
understand, more or less, what an ecjuation like 3a' + 5 = 17 means 
because there is a single term on the right — the result of doing something. 
But, correspondingly, they have difficulty solving an ecjuation like 3,v + 5 
= .V + 17. It s(UMns unfinished, since the right side still has an addition 
to he performed. Kieran developed a secpience of activitit^s tliat h(dp stu- 
dents reorganize their understanding so that they could s(h' the ecpial sign 
as a relational symbol, rather than as a signal to do something. Sh(^ argued 
that teac-heis need to take seriously tlu^ conceptions that students bring to 
the algebra class from their experi(Mice in arithnn^tic. own when thos(* 
conceptions are partial or limited. 

\\ lu^n learning is seen as knowledge construction and reorganization, 
teachers can consid(*r the special ways (»ach student learns, and they can 
begin \n view instruction not as the piling u[) of litth^ bri( ks of knowledge 
but as an effort to help students make s(misc out of their world. Students 
are not blotters, absorbing experience in the shape pres(Mited to tiiem, but 
active minds making meaning out of exp(M*i(»nc(* by constantly reconstruct- 
ing and reorganizing their knowletlge. 

The Social Side of Mathematics 

Knowh^ige — including niatluMnatical knowledge — is now being se(Mi as so- 
cially construct(Mh \\ c matluMiiatics leacluMs have commonly believed thai. 
uidik(^ teachers of Knglish or social studies, we did not have to worry about 
promoting social inteMUclion in our classroom. Ob. yes, we und(M'stood that 
mathematics is a language, but we tended not to see it as a language thai 
needed to he develo[)ed by students actively conununicating with one 
another and with us. Mathematics, wc argued, was a language that one 
could learn alone. 

Today, research and e\peri(Mice have taught us that mathematics is 
learned through a process ol coinmunicat ion. .Students nerd opportunil ie-^ 
not just to listen, but to speak niathernatics themselves — to discuss what 
they have ol)s(»rved, whv procedun^s appear to work, or why they think 
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their solution is cornM-t. Students vviul luiiidnMl^ of inallicinatical r\(M'ciscs 
in their toxthooks; they al>o need o|)[)ortiniiti(*> to read ahout nuithcniatio 
and to wiitc ahout the inathoniatica! ideas th(*y hav(\ 

The history of inath(Mnati('s teaches us that eorninunieation and >oeial 
interaction liav(^ played f undanKMital roles in the d(^v<dopni(Mit of niathe- 
inatieal ideas. But stud(Mits eorne a\va\ from hijili school niatlu^niatics 
unawart^ tliat niatlieniaties lias heen construet(^d uwr time hy a community 
of p(M)ple with (^volving ideas as to wluit is important and wluit should 
count as mathematics. Most students view mathemat ics as outside history. 
It enuTjicd fully formed from Kuclid's hrow and has remained fixt^l <^\<'r 
since. I hv idcd that math(^maties is culturally determined, that it rt^flects 
currtMitly held values, tliat it is l)eset uilli controv<M'sics al)out fundamentals 
and priorities is stddom considt^rt^l in school. V*t ther<^ is t:ro\vin»i evidiMice 
(e.g.. Bishop, 198Bi that attention to the social dinuMision of matluMnatics 
can (MU'ieh hoth tlu* teaching and th(^ h^arning of ihe subject. Students 
learn that tlu^'e art^ contt^xts for the abstractions of school mathematics, 
and that [hviv is a humanistic >ide lo a sul)j(H't that has s(^eme<l so d(»void 
of humanity. 

Mathematics is not llie only thing students learn from the social world 
of the matluMnatics classroom. Tlu'y also U^arn ways of behaving. They 
learn what it is that tluMr society thinks i> im})ortant for them to know. 
They h^arn what valuer their peers and th(Mr leachcr place on mathematical 
ability, on v(M'hal facility, on competition, on coo[)eration. on hard work, 
and on gtMting hy. They Icaiii whether to try. or to app<*ar to try. or lo 
ignore the teacher altog(»ther, (!las>rooms arc* communities wh<*n' p<M)ple 
agree to heha\e in certain \\ay>. and where they carry on an <'xtended 
dialogue even w Iumi only a f*n\ arc talking. 

A mathematics course i> like a conversation that is j)crio<lically int<M'- 
rnplcd. hut that i> gradually shaped by the participants into sonu'thing 
th(*y mutually share. Many teachers today believe that their mathematics 
course's will b(^ more successful if they are organized so that students [)la\ 
a m«)re active role, if the le\el of thinking is higher, and if the mathematics 
studied is nn)re clearly ( (Muiected t(» a sensible context. 

An Emer^inji View of Mathematical Thinkings 

If students are to develop the power to Use mathematics j)roducti\ el> once 
thev leave school, they need opportunities to use it [)roduct i\ ely while the\ 
arc there. More attention nec(ls to be focu'-ed on the thinking that students 
are d(dng about the rnatluMuatics thc\ are learning. Mow are stu<lenls 
cneounteririg malhematicsy llow arc the\ using it to "-ohe problem^.'' To 
reason? To conunnnicale .'^ 

To uiider'-land what thc\ learn. |^ludent^| mn^t enact for ihemsclvcH 
\eib^ that peinieatc the mathematics currieidinn: "examine.** "rcj)- 
resent.** 'M ransform.** "solve.** "applv." "proNc.** "coiiunuiiicatc. * 
This happens mo'^t readilv when ^indents ucnk in gioups. engage in 
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discussion, make pivsciitatioii^. and in otluM* ways lak(^ (diart^c of 
their own U^arning*' (MatluMnatical Sciences Kducation Board. 1989. 
pp. 58-59K 



Notes 



Applying Mathematics 

Most of us were taught that the nio^l t'legant inalheniatical thinking was 
**pure'* — the power of sheer deduction and proof. This. loo. is changing. 

Because mathematics is a foundation discipHne for other disciplines 
and grows in direct proportion to its utility, we helieve that the cur- 
riculum for all students must provide opportunities to develop an 
understanding of mathematical models. structur(*s. and simulations 
a[)pHcahle to many disciplines (National (Council of Teachers of Math- 
ematics. 1989a. p. 7). 

Mathematics is a far different suhject than it was w hen any of us were 
in school, primarily because of changers wrought l)y the computer. 

Iti recent years, computers liave amplified the impact of applications: 
together. computcMS and applications have swept like a cyclone across 
the terrain of malh(Mnatics. Forces unleashed by the intt^raction of 
thes(* intelle(*tual storms have changed forev(»r — and for the better — 
th(^ morphology of niath(^matics. (Stet^n. 1988, p. 611). 

Little of thi^^ change has hecm refhu ted in the school malbematics cur- 
riculum. Mathematics has hcnome "the invisible culture of our age** (Math- 
ematical Sciences Kducation Board. 1989. p. 32), and yd much of thai 
culture — the knowledge people need to understand issues of public policy, 
the (M)nfidence ihey need to use mathematics imaginativ(dy as a tool, tlu^ 
appreciation tlu^y might have for tlu^ recreational and aesthetic aspects of 
mathematics — is missing in schools today. Applications of mathematics arc 
often neglected by teachers because llu^y avv not familiar with how tlu* 
mathematics they are tea(*hing might be appli(^d. or because they do not 
want to spend valuable class tinu* on activities s(^en as "outsifh* mathe- 
matics.*" .Studcnt:> who develop mathematical models of practical situa- 
tions. how(»ver. gain valuable exp(M*ience in putting mallu'matics to us(». 

Appli(*ations typiccdly begin with an ill-defined situation outside matb- 
cnuitics — in economics, physics, cngineeritig. biology, or almost any 
(udd of human activity. The job is to utiderstand this situation as well 
as possibl(\ The procedure is to make a mathematical model which 
we liop(* will shed some light on the situation we are trying to under- 
slatid. Thus, the heart of applied mathematics is the injunction **Here 
is a situation: think about it" (Pollak. 1970. |). 328). 

Slmh'iits <-ome to sec the rclevam^e of the mathematics tbcv ai(^ learning, 
and when they do. it can be a poweiful force in motivating the lurthef 
sluds ol tiialbematics. 
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Many mathoniatics teacluTii. like Mrs. Walsh, develop, collect, and 
cultivate a set of practical situations in which any of several previously 
learned concepts and technicpies might be applied. Such strategies erode 
the **ph()niness'' of students heing presented with an application problem 
right after studying the mathematics they are expected to use in identifying, 
modeling, and solving it. 

To return to the opening example, teachers need not have just completed 
a unit on functions in order to help students apply mathematics to the 
situation of tree replacement in New York (>ity. They could begin by 
presenting the original formula — a tree for a tree — and ask the students to 
come up with other formulas and consider what their effects might be. 
Alternative formulas could be graphed and discussed. If a ({uadratic for- 
mula relating number and diameter were proposed and the students had 
not studied quadratic equations, some sort of graph could still be plotted. 
P^urther investigation of the formula could always be postponed. But the 
goal of formulating the problem, identifying the important and unimportant 
variables, developing a mathematical model, and using the model to make 
inferences relevant to solving the problem would still have been met. 

The Power of Open-Ended Problems 

What other formulas could the Parks Department use^ is the sort of problem 
that seldom appears in mathematics instruction. Not only because it deals 
with a real situation, but also because it is open ended. In general, open- 
ended problems, even those that are strictly mathematical in nature*, tend 
not to be found in school mathematics. What properties do prime numbers 
have? is an open-end(Mi prol>lem that students can explore, but that also 
drives the work of some research mathematicians. An advantage of open- 
(*n(ied prol>lem^ is that, when they ar(* used with groups of students, 
teachers usually do not need to worry about getting students startcnl. 
Anyone who understands what the problem is asking can make a start, 
however tentative. Students working together invariably find sonK^thing in 
the prol>leni that they can work on. Sometimes they narro\^ the cjuestion: 
sometimes they refine it. Often, they choose one idea in the problem and 
pursue that, (iroups that get stuck in one line of investigation <'an be asked 
to go back to tlie original problem and think of it anotfier way. Although 
open-ended prol)lems may be more difficult for a teacher to manage be- 
cause the students may go off in unexpected directions, teachers who have 
used ^uch prol)lcnis in their classes say that students enjoy the <'hallenge 
they provid(\ Mathematics class then Ix^eomes a setting for (exploration 
and originality. 

(treating Rather than Answering ProbU»nis 

Student^ uccmI practic(» \\\ formulating mathematical problems for them- 
^elve^. 11 tlu^y are al\Na\^ [>resente(l with well-formulated prol)lems that 
contain just the information needed for a ^(»lution. h(»\N can tlicy learn to 



deal with siluali(>ns in which appropriate* nialh(Miialical ideas and trch- 

ni(iues arc not obvious — thai is. situations in real life? Notes 

Students can he helped to develop problem-formulating skills by <rivinti 
them an ill-formulated or a partially formulated problem and asking them 
to restate it. Mr. Kaniinski. a ninth-grade general mathematics teacher in 
a large urban high school, has an activity he calls "Fix It" that h(» often 
uses on Fridays (W whenever there is some time at the end of a class period. 
Groups of students c<mipete to see which group can come up with the best 
problem (and solution), given an incomplete problem. The problems and 
solutions are written on large sheets of paper and posted on the bulletin 
board. Students in his other general mathematics classes get to vote on 
which one they like best. Here he illustrates the wide range of mathematical 
thinking open-ended problems can provoke: 

I gave this Fix-It Problem to the students in my fifth-period class: 

Tammy bought a record for S4.95 and paid 7 percent sales tax, 

Alm<»st all the students saw right away that tin* ([uestion was missing. 
One group just asked the obvious ((uestion of what the amount was 
that she paid. Another tried to complicate the problem by asking what 
change she got from a $10 bill. The group that won wrote this: 

Tammy bought a record for She paid What is the sales- 

tax rate? 

In writing up their solution, tlu^ group said that the tax of 35 ccmiIs 
would probably l)e more than tlu* actual amount, and rh(»r(*for(* the 
tax rate would probably b(* less than 7,07 pcM'cent, Th(*y said the most 
reasonable answer was 7 percent. I tlioughl that siKJWcd a lot of insight 
into how rounding off works in this case. Students who voted for the 
problem said they liked il because the solution was "realistic," 

Kven teachers who arc not espcu'ially interested in probU^n creation as 
a goal of mathematics instruction hav(* found that having students writc^ 
their own problems and change existing pr()blems can be a valuable teach- 
ing teclmit|ue. It helps stud(*nts see liow problems are c(>nstructed. It 
encourages studtMits to tak(* an active part in changing a problcMU itito 
sonu^thing they can solve. It gives tbcMii tlu* fec^ling of compet(Mic(^ and 
mastery. For the t(*ach(M\ il may illuminate* some ()f the difficulties students 
can Iiave in understiuiding a problem situation, 

Probh^m posing is almost always overlooked in discussions of the im- 
portance of probUwn solving in the curriculum. Mathematics textbooks liavc^ 
an especially difficult time* with problem posing becaiisi* it is so open ended. 
NoncMbeless. it ought to be given the* same em[)hasis in instruction that 
probh^n soKing is begimung \k\ receive. It iTiake^ w^v of lliinking abililic"- 
that need to be develo[)ed, both for their own sake and i(»r their value in 
devcdoping other abilities. 
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The Place of Conjecture: The Provisional Side of 
Mathematics 

Although many people helieve that deductive proof helps define the essence 
of malhematieal reasoning, proofs have heen disappearing over the past 
d(*cade or so from their traditional home, the course in Euclidean geometry. 
There is no denying thai pupils find the formal two-column proof difficult 
to learn, and that teachers often find it frustrating to teach. Courses are 
being restructured so that geometry without proof has become an opticm 
for many students, even those going on to college. As proofs are being de- 
emphasized in geometry, we have an opportunity to give more attention to 
other important matheinatical processes like conjecture. When students 
are given the opportunity to make mathematical conjectures, tliey come in 
contact with mathematics in the making, with mathematics as it is prac- 
ticed. Students who have made a mathematical conjecture have invested 
some of themselves in the enterprise of doing mathematics. Making a proof 
may be too difficult for some students, but making a conjecture, and then 
engaging in some reasoning about that conjecture, is something any student 
can do. in courses such as history and science, students learn what counts 
as evidence and how an argument can be d(*veloped to advance a claim. 
They n(*ed to learn that in mathematics, too. one can work out a p()sition 
and gather evidt^nce to support it. 

Because^ of their previous experiences with matlumiatics. many students 
are afraid to make guesses or propose conjectures in class. They an^ 
understandably reluctant to expose their ignorance and confusion to public 
vi(>w. Mathematics has hvvn for them a subject in which you are either 
right or wrong, and th(T(^ is too much at risk in being wrong, if tc^achcrs 
want their students to grow in their ability to make conjecturc^s about 
mathematical ideas, they may ncvd to work hard to overcome^ the n(»gative 
effects of previous experic^nce. Th(^y nec^l to make their classroom a place 
wh(^re informed guessing is encouraged. 

Students need to know that it is only by making a go<Kl gu(»ss. probing 
and improving it. and .supporting it with (*vid(Mice. that anyone^ can do 
mathematics at all. Anything else is just memorizing. Mathematics in the 
making re(iuires a willingness to take risks by offering a gu(^ss. Of course, 
as (;(M)rge Polya often remarked, the guess should not be a wild guess: 
anyone can mak(^ a wild guess. The person who is thinking mathematically. 
how(n('r. will offer a conjecture^ that has some basis in the situation at 
hand. Then the gucsser needs to have the courage to test the guess and. 
if necessary, to replace it with a better on(\ li a d(Mluctive argunuMit can 
be giv(Mi to support the ('onjectur(^ fine, l^ut if such an argument cannot 
be found, inductive (^vidence can mak(* the conjecture more plausibl(\ 
e\en though it cannot pnnide a finished proof (Polya. 1^81 L 

Firsthand experience in looking for patterns in data, fornndating <'oniec- 
tur(»s about those patterns, and exploring the consecjuences of the conjec- 
tures can help students see the exploralorv. provisional side of mathematics 
that is usualK hidden from view in scho(>l. Statistical data such as those* 
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provided hy i\w daily iicwspafKM in llu^ >\n)i\> rrsulls. the slock-inarkcl 
(|U()tati(ni>. and {\w wnwUcv r(*[)ort can he Uhod ix< a sourer of Conjectures 
about trends and relationsliips. Stud(Mils ean make tables that r(*Iate num- 
bers to their divisors, (^r the perimet(Ms of [lolycrons to tluMr areas, in ord(M' 
to <r(Mierate data for analysi>. The teatluM should recognize that tlie explo- 
ration of data in S(*areb of [latterns takers lim(». but tliat stud(Mits ulio do 
not excel in otliei mat heniat leal acti\ities may flourisli her(\ Kxplorin<: 
[latterns is a lejiitiniale [)art of niatluMiiatics, 

Stud(*nts >hould b(^ (Mieouraj^ed to observe and d(^scribe all sorts of 
patterns in tlic world around tluMn: [flowed fields. Iiaystacks. architec- 
ture. paintin<rs, leaver on trees, spirals uji [)inea[>[)l(^s. and so on. As 
tlie students niatun^ instructional efforts can move toward l)uiklin<i a 
firm p'as[) of the inter[)lay anion<: tables of data. <ira[)lis. and algebraic 
ex[)r(^ssioiis as ways of descril)in<r functions and solving [)roljl(Miis 
(National Council of 'l eachcr^ of \hit luMnat ies. 1989a. [)[). 98-99). 

I (vichers should neither l)e end)arra>>tM| about encouraging [)att(Tn-finding 
acli\ities nor nductant to include them in instruction. 

1 lie al)ility to offer an argument thai >upports oneV ctMijccture is also a 
goal toward uliich matluMnatics ^tudent> sliould aim. (lonjeeture without 
conviction is not likely to be an\ ni()r(^ valuable for stud(Mits tlian proof 
witliout [)rol)able cau^e. Too often, [iroving has be(Mi introduced as a formal 
[)rocedure that deaU witli statcMiuMits formulated by others, but that the 
>tudeiit may scarcely und(M'stand. If stud(Mit> ha\e formulat(Ml tluMr own 
eoni(^ctures out of t)atlern^ tbt^y have examined, they are more lik<dv to 
argue for tlic conjcclurc. When student> and their teachers are etigagcui 
in pro\ing a tcxtb(»orv iheoreni, the object of the (»xercis(» is to come up 
witli the ''official*' proof. When tlit^y engag(^ in [proving a student's coniec- 
tur(\ the oljject i> (piite differ* it. It is to con\ince oneself and one'^ 
colleagU(^s. ^^'oofs >liould begiii as platisible arguments. As students pro- 
i vvd llirougli >cliooL the >tandar(i of argument should be raided so that, 
cv(»ntually. n^asoning is seen a^ renting on agreed-upon [)rinci[)les. All 
students ne(»d the experi(Mice of consttiicting arguments that will convince 
others. e\en if not all ^tudcnt> are able to match the kind of official 
argument cn^biincd in textbook^. 

Much of w hat we ha\e been di^cti*^>iiig in tbi> chapter toucli<'^ on niatl(M's 
of e()niniuiiicalioii. !n (Miaptcr 2, we turn our attention to ^ome i^^ue^s 
as>(»eiate<l wilb increasing comminiicat ion in the mathematics classroom. 
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2. Communicating Mathematical Ideas: 
Private and Public Discourse 



T\\v niallu'inaticrN classrooni <'(Hil(l he a tnruni for ihv (^xclianjic of ideas 
ahnul niatluMiiatics. Bui, all too nft(Mi. sUulents only what i(l(Ms the 
teacher has and what llu^ textbook authors hav(^ thought about. Rarely do 
they display their own thiiikinji. In this chapter, wo (^xplore how \sv ndght 
gel students* ideas and ({uestions out into the opcMi wlu^rc they can b(M*oine 
ol)j(»ets for rt^HcctioiK rt^hiuMuent. discussion, and anKMulinent. This "puh- 
lieation'* of students* ideas occurs naturally through spcakirig and listening, 
hut it can also unfold through writing and reading. 

MalluMnatics dt^epens and dc^velops through ('oinnnnHcatiijn. MalluMnal- 
ical ideas IxM-onie tangible wlu^n people find words and symbols lo express 
them. The only way that mathematical culture can he passed on lo new 
g(MHM*alions i> through the medium of ordinary langua;*e. along with some 
sp(^cial syinbols. 'I'he int(*rpi clat ion of thai language and those synd)ols 
r(»((uires U^arners to ^co them in much the same s(*nse that ((Mchers do. 
Thai demand^ sharing on the part of lh<' teacher and the Icarnei — a mnlual 
construction of meaning. Building a malhematical classroom cnvitontncnt 
in which the nuitnal construction of meaning can be fostei^cd i^ not a trivial 
matter, but it can reap '^ubstaii'ial rewards for teachers and for stndetils. 

1.") 



Tli(* traditional diet in iiiatlu'inatic^ classroonis consists of sliort answers 
to oral or written exercises. That kind ol sini[)le l)ack and forth prevents 
a teacher from fj^cttin^r a {lee[) s<mis{» nt a studtMit's understandin<i. and ot" 
how tlie stud(Mit came lo accjuire that understanding:. For that, a more 
sustaiiK^l en<j:a<2;(Miieiit l)(^tween teacher and student is nMjuircMl. By pro- 
vidinji opportunities for stucU^nts to ex[)ress iheinsidves ahout the ich^as at 
issue in a mathcMnalics lesson — not just llie next step or the last definition — 
a toac lier can n(»tice and counter confusions that studtMits have* accunui- 
iated. A teacluM* can also assist students to attain a more coherent under- 
standin*!: of what they are learninji — one that will last hey(»nd next wec^k's 
test. Finally, hy learninji to (*xpress tluMr ideas to one an(ither. students 
can hejiin to appreciate tlu* nuances of meanin*: that natural lan^ua^ie oft<Mi 
masks, hut that tlu^ [)r(H*is(^ lanjzua<:e of nuilhematical ex[)ositi(Ui atteiTipts 
to distinguish. 

Opening Windows: Teachers Learning from 
Students 

When our <i;rand[)ar(Mits w(M*c in school, recitation c(unprised a lari^c part 
of their matluMiuitics classt^s. (irandnia would Uc calh^d to th<^ iron! of iht^ 
class. Sh(^ would l)e asked to [)ut on llu^ hlackhoard a [)rohleni she had 
previously solved, and tluMi he asked to explain hvv s(dution t(» the rest of 
th(^ class. Depending: on hou wcdl it was done, her rcM-ilation nii<i:ht ludp 
her fellow students understand mor<^ ahout the [)rohlem and its s(dution. 
Hut. more im[)orlant. whether or not it wa- done w<dl. hei- recitation j.avc 
lu^r teacher a uindow through which to view (irandma s thoughts, her 
r(^asonin)i;. and her <zrasp of terms, or notations, or fundamental ideas. That 
view mad(^ it |)ossihle to diagnose and (^\aluate (irandma s und<M>lan(linji. 

Today, formal recitations arc ahsenl from hi<:h school class<*s. Although 
some teachers ask students to [)ut honunsork prohlenis on the chalkhoard 
or the ov(M'head projector so thai other students can see their work, stu- 
dents are seldom asked to put into unrd*- not onl\ what they did hut also 
how and why tln^y did it. Feu uould advocate the return (»f the formal 
recitation, with the teacher — fj^radehook in hand — presidinjjL o\<*r a hy-the- 
hook recital of "hou nou do it." llow(^\er. there are mom<'nt'^ and [)raciicc> 
in t(^achin<i: that allou teachers to glimpse heyond the homeuork paper or 
tlu^ short answer. I sinji; these opportunities producliveK may take exper- 
imentation and practice, hut the potential payoff lur ^ludent^ and teachers 
is fircat. 

In order to catch a ^lim[>^e of hi> students' ihinkinj:. Mr. Weslcrman 
often assijius a prohlcm that can he ^oUed h\ moie than one method, and 
then has students present their \arious methods. In hi^ al*:ehra class, 
which ua^ sludyin^JL the solution of sinHiltaneou^ equation-, he a-^^i^ned 
one n| hi> favorite prohlcm>. uhieh he kneu uould he aeec'-^ihle to >tu- 
deut^ u-in;z difl'-i nl appioaehe 
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In the barnyard. / have some chickens and s(nne rabbits. I count 
heads and 120 le^s. Hoic many of each type of animal is in the 
barnyard y 



Notes 



Afl(M- an initial {x^riod of time, dining which tin* cla^.s a^ a ^loiip 
(liscu^^cd the [)r()hl('ni to clarity inlcrpn^tation. Mr. \\ (^stcrniaii let 
the stud(Mits \v()rk in pairs to solv(^ the pr<)l)lcm. As th(^ students 
workctl. Mr. Wcsternian circulaicd around th(» room, taking note of tlie 
different approaches beinji utiHzed. ans\verin<i clarifVin<r ciuestions. and 
providing! help to those who ne(Hl(Hl it. I)urin<i his travels around the room, 
he asked Jo>('\ Lora. Kohert. and Karen to "publish" their solutions on 
pieces of wliite butr-her paper that he provided. After reasona.hle time. 
Mr. Westerman invited the designated students to [)ost their solutions on 
the l)lackhoar(l and ex[)lain their approaches to the class. Mr. Westerman 
had carefully chosen tlie student publislu^rs to reprt^sent a diverse 
>et of methods, including some arithmetic, visual, and several alge[)raic 
approaches. In this way. his student presenters providt^d their classmates 
with an opportunity to see and discuss man\ differt^it solutions to the 
same problem. 
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Figure 2-1. Jose\ AI«r<*lM*aie Approach lo lh<^ (Ihioken-and 
Kal»l)it ProMeiii. 
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Fijxiire 2-2. Lora's Visual Approach lo thv (]hiok<»n-and-Uahhil 
Problem. 
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Figure l{olM»rl\ Aljrohraic Approa<*li lo lh<» (;hirk<»n-an<l- 

Kahlnl Prohiom. 
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Fi^^l^^<' 2-4. Karen'^s Arithinetie Approach to the (Jiioken-and- 
Suahbit Prol>Icin. 
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Mr, \\ (^stcrniaii first hccanu^ interested in tliis techiiiciiie wlieii \\v read 
that this approach was us(mI in many Asian seliools. He tlioufzht il niitihl 
niake his Asian stU(h'nls fVel more eonifortahh'. and it nii^lit \\c\p his non- 
Asian studeiits improve their ability to (hseiiss matliemalieal ich^as. \\v 
suspected tlie [iroct^ss would also |)rovide som(M)[)portunity for liim to U^arn 
more ahout his students' tliinkin<: and problem solvin*:. He found that 
eaves(h'o[)[)in<: on stud(Mits* conversations uliile they ar(^ \vorkin»r to*sether 
in pairs or lar»:er *srou[)s to solve a problem nr explore a situation is a \or\ 
useful way to learn about their tliinkin*:. But he was sur[)rised to find tliat 
th(» [)roc(^ss of pul)lishin<i students" solutions also reaped l)enefils for liim 
ptM'sonally. Kven thr»u»:h lie was ([uite familiar with many of the [)rol)lenis 
he used — lik(^ tlu* ehickeiis-and-rabbits problem, the discussioti often il- 
luminattMl sonu^ facet of the problem tliat he had iiot srvn or thou<!;hl ahout 
pr(n'iously. such as Lora's visual approach to a problem that Ik^ had [)re- 
\iously thought of as l)ein*r purely al*iebraie or arithmetic. 

.\ot all of the e\elian*ies that illuminate a student's thinkin<i need to l)e 
public. W hen stud(Mits are just betrinnin*: the study of a new mathematical 
topic, it is often assumed lliat students know vcr\ little about tlie topic. 
Actually, an incpiirinj: teacher may find that, prinr to their formal iiistiiic- 
lioiK stu<lents oft(Mi ma> have foiined some rather com[)lete. altlioii<zh 
possibly partially mistaken, ideas about tlie topic. One way to delect and 
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examine lUc ideas students may have prior to formal instruction is for tlie 
teacher to i)rovide a task, such as a writing assignment, that allows students 
to demonstrate what they know (or tliink they know) concerning a certain 
topic. 

Mrs. (/arcia was beginning a unit on circU^s in her tenth-grade geonic^lry 
course. She knew that the students had studied circles in elementary school 
and liad learned someliiing about area, circumference, radius, and diam- 
eter in the seventh or eighth grade. She wasn't sure, however, what her 
tenth graders remembered, so she asked them. "■"■Tell me everything you 
know about circles."' She made this assignment during the last 10 minutes 
of class and collected the papers so she could look at them before class 
tlie next (]ay. Figure 2-5 shows some examples of the responses she got. 



Juan: **Il*s made up of a scries <»f arcs thai are all coimectcd.** 

Monique: "A circh^ is a slui[)c that has iuj points." 

Louis: "The outside of a circle is called the circunifcrcncc." 

Ramorut: "A circle is round." 

William: "A circle nu^asures 360''." 

Kric: ''Radius i> half llie distance of the diameter oi a circle." 

Cathy: "' j - I8(r."* 

Rehecr(r "A ttHitt = 3. l l-ir)92T)." 

Michael: *il has 2 sides (inside^ and outsidcl." 

Charles: "The center is the radium." 



Fif^ure 2-5. Responses to *"*1V11 me everything you know about 
eireles. 

On the basis of lu^r students" responses, Mrs. (Jarcia kn(^w that there 
was a wide range of knowledge about circl(»s in her class. Some of Iht 
stud(Mils had remt^mbered a good deal about circU^s ((\g.. radius is half 
the h^ngth of the dianu^tcM*. an^a is irr^'), otluM's gave no evid(^n"e of recalling 
any important mathematical characteristics of circles, and still others had 
some err(»rs (e.g,, the c(Mit(T is the radius) or potential misconc(*plions in 
their knowledge of circles (e.g., a circle is a shape that has lu) points), 

\f\vi' revi(*wing lh(^ r(*sponses, Mrs. (Jarcia decided to use llie stud(Mits* 
respons(»s as a jumping-off point. Keeping her plans for the unit on circles 
firmly in mind, sIk^ chose 10 different r(*sponses (the ones shown in Figure 
2-5) and typed them on a ditto sh(M*t. She left space after (»ach stati*ment 
and cbalU^nge * students to dcMMde whc^thcM' or not they agreed with the 
stat(»nient, and lo provide a justification for their agn^Mncnt or disagree- 
ment. W hile most of the class worked on this assignmcMit, Mrs. (iarcia 
worked s(»paratelv with a small group <>f students — those wIkisc responses 
revealed most of tb(» misleading or errotu'ous information. Because ol their 
confusions about circles and their high risk for difficulty in the next unit. 
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Mrs. (iarcia met with these sIii(1(miIs and provided sfx^cial \\v\\) l)(^t()re lliev 
floundered in ilu* circles unit. Thus, the iiiiliaL hrief writing assi<rnnienl 
alh»\ved Mr>. (Garcia 1(j sample her sludeiils* prior kiiowledjie about circles, 
and it aUo helped her to dia<:nose a few uiisuiiderstaudin^s. identify stu- 
dents who niijihl need special attention, and provide an inter(»stin<: way for 
the entire class to review their prior knowled^ie of circles. 

Mrs. (Garcia gave the assignment again at tlie end of the unit and used 
the students* r(*sponses to assess informally how their concept of circles 
had changed during the unit of instruction. Adding this information to the 
more formal inforiiuition Iroin the unit test hel[)ed lier to assign stu<lents' 
grades, and also to evaluate the cffectiv(»n(»ss of her instruction and plan 
how sh<* would revise her teaching of this to|)ic th(» next year. 

When students are asked to speak or write ahout tluMr ideas in a math- 
ematics class, a teacher has an opportunity to hecome a learner. Although 
this proc(^ss often unearths troubling evidence of students* confusions or 
misunderstandings, for which there may be no immediate remedy, a 
teacher at least becomes aware, at a dtM^per l(*vel. of the common under- 
standings or misunderstandings that arc characteristic of her students. 
Armed with this new-found knowledge. t(»achers can use this information 
to guid(^ their instruction and their own rc(l(M tions about its (effectiveness. 

Getting^ It Straight: Students Learning; from 
Themselves 

Our thoughts arc epfiemeral creatures that won't be pinned down until we 
articulate tluMU in s[)cech or writing. It is only when we \\d\c said or written 
tluMU. an<l then have rcfh^cted on them, that we know what we art* thinking. 
In far too many malhcmalics classes, ideas [)ass from the textbook page 
or the teacher's lips, ihrough the students* (»yes or ears, and into a blaek 
hole. They remain in the student^' minds only lono enough to permit the 
solution of sonu* innnediate exercise or [)rol)l(Mn. (!ome back anoth(*r dav 
to ask about the ideas, and they have vanished. \\ c cannot retain much of 
the mathematics we have ^een or heard if we have not appropriated it as 
our own — if \\r have not thought about it in s(tme fashion. Keilection is a 
way to grasp our thoughts, and it is enhanced ii' we can gt^t it out into the 
open or pin it onto the page. Once it is there, we can c\aniin(\ re[)air, or 
augment our tliinking. 

At the end of cla^s. Mr. johiwon often takes fi\c minutes t(t ask his 
students to write what they ha\c learned that day atid what ibev still have 
^onie (jucstions about. Hy glancing over the papers, he cati make a (piick 
appraisal of students' confusion an<l [)oint^ oi ( larity. He has found that 
liis students like this praclic*'. It puts them iti charge of clarifying their 
own thinking and diagnosing their- own misinuh'r^tanding. 

Mr. Johnson also leiun^ a grcMl deal from hi^ quick review (tf wluit lii^ 
student^ have written. This liel[)s him lo plan the (|uick rcca[> that will be 
at lh(* begiiming of Icunorrow'^ lesion, to select oi create exercise^ for 
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sub?(niu(Mil honu^work assi^nnuMits. lo pose useful questions for the end- 
of-ehapter feview. and to identify students who may need special hc^lp. Hut 
hv feels that the jireatesi benefit of this teehni(iu(^ is that it places much 
of the responsihilily for learninji on the shoulders of his students, rather 
than solely on himself. By asking his students what they have learned in 
today's lesson, he reminds them that they, too, are responsible* for the 
results of each lesson. 

One way of ^ivinjj studt^nts a more substantial pcTspcn'tive on their 
intellectual projjress is to ask them to kec^p a journal of their thoughts 
al)out the mathc^niaties thc^y are learning:. This '"learning loji"" b(»comes a 
place wher(* students can expn^ss their puzzlements, frustrations, and 
triumphs. Tlu^y can write about their j()y at finding a solution, or their 
anguish at finding it incorrect. Kach day. th(*y can set down a portion of 
their intellectual journey. By looking back over the entries, they can see 
how far they have come this month or this yean Some teachers ask students 
to use the log as a kind of mathematical diary in which they can rt^cord 
their daily thoughts. The log then functions much as Mr. Johnson in- 
t(Mided — revealing what they have learned today — but it also serves as a 
record of learning over time. Other teachers ask students to record their 
thoughts and fcuMings as they solve homework [)robleins or work on (ex- 
tended investigati(»ns. Students might be encouragc^d to write* in the l(»g 
their solutions to special probl(Mns. along with annotations conc(*rning their 
strategies and evaluations. When students are asked to write up tluMr 
solutions to a problem, they can be enc()urag(*d to comment on tlu^ir false 
starts, hesitations, and unc(M'tainties. They are. aft(M' ail. communicating 
with other human beings who are int(M'est(Ml in their work. Of course, tlie 
learning logs. lik(* most diaries. sb(»uld have* limited circidation. Souk* 
teachers choos(* to r(*a'l th(* l(»gs only at mid-year and end-of-year points: 
()th(*rs r(*ad them more fretpu^ntly. Some teach(*rs never n*ad the* logs at 
all, preferring inst(*ad t(» \rd\v ilw students k(*ep the journals only for tluMr 
(jwn use. No matter how (»ften l:uvj(»urnals ar(* read, their use can promote 
a more* rcfl(M-tive attitude (»ften described as increased metaroiinitive 
awar(*ness on the part of students. Teachers of students for whom Knglish 
is not tluMr first language may find that logs can lielp those stud(*nts to 
formulate their ideas, and the expression of those ideas. l)efore displaying 
tluMn in class, ov at risk (»n a lest. 

A Community of Learners: Students Learnirifj 
from Each Other 

A popular image of the mathematician is (»f som<M)ne is(»lated in a paper- 
>tre\\n study. Bui mathematicians are als(» s(»cial txMtigs. Mathcmati( al 
ideas gain tluMr validity by IxMUg accepted in the connmniity. 'i'lu^ common 
view in most matlu'tnatics classrooms i^ thai a proof is a [jkhjI. i'hc 
em<'rg(Mit view in matln'matics. bowc\cn is that a proof is not a proof until 
it has be<'n accepted by the community of mathematicians (Tvm(K'/k(». 
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1986). 'Vhv controvcM'sy atui disa^rccnuMil about \\w acccplahilily of llic' 
conipulor-hascd solution of [he famous, and lonti-unsolvocl. "Four (iolor 
Problem*' (Appel and Hakcn. 1977) [)rovi(l('s a contemporary illustration of 
this pb(»nomen()n witliin tbe matbematical community (Peterson, 1988). 

Even when wo are not tryiiitr i,, produce pul)lisbable solutions to impor- 
tant mathematical problems, we need to test our mathematical ideas 
against those of" otliers so that we can hv ( (mfident that they are correct. 
The only way we liave of knowing what our thinkin<i is like is by comparinti 
it with tliat of otfiers. The major p(*dap)<:ical implication of this view is 
that mathematics classrooms sliould be communities of learners. Within 
communiti(»s, the need for communication is obvious. \\ ithin mathematical 
communities, communication in the form of discussion, argument. pro()f, 
and justification is natural. 

It is well documented that students have great difficulty learning to 
produce mathematical proofs (Senk. 1985: Senk and L siskin. 1983). Some 
part, but not necessarily all. of that difficulty is due to the logical recpiirt^- 
ments of mathematical proof. Anotlier factor tliat makes proof difficult for 
many students is tlieir lack of a sense of wliy one would ever engage in 
proving something, isn't it enough to "sec*" tlie truth of a statement^ If 
the teacher has given a statcMuent to he proved, tlien it must be true. Wliy 
bother? Isn't proof really much ado about sonu^thing obvious? Proof as a 
private exercise in slietM* logical reasoning apparently do(^s not strike* many 
secondary sch(K)l students as vital, but proof as an ex(*rcise in justification 
and validation in a conununity of learners liolds considerably more app(\d. 

When stud(Mits are cliallcMiged to tliink and reason about matluMnatics. 
and to communicate* the results of tlieir thinking to otIuMs in tlie form of a 
justification or proof, llu^y arc* faced with tlie nved to state their ideas 
clearly and convincingly. The act (>f communicating ideas within the culture 
of math(Mnalics cremates l)oth the need for and the value of math(Mnalical 
proofs. A proof tliat (Miu^rges as a student's attcMiipt to convince skeptical 
peers of the pow(*r of a self-gen(*rated assertion has an im[)ortaiice that 
tlie demonstration of an "obvious" theorem from a textbook rart^ly has. 

Much is learn(*d by conslructing a i)roof or a justification argunuMit. 
Occasionally, an assertion turns out to be untrue as staled, and the asser- 
tion has to be modified. Such an exp(MMence demonstrates vividly the rough, 
tentative nature of mathematics in the making, as o[)[)os(m1 to the polished 
shine of finished mathematics. Proving an assertion can also lead to insights 
into furtli(*r statenuMits that also appear to be true. And the prc^senlation 
of a proof" to the community often leads to furlhcr refinement and modifi- 
cation. e\en correction, in order to improve the clarity and precision of 
tin* justification. 

Working in pairs or small groups also provides students with an oppor- 
tunity to validate* tlnMr reasoning and their conjectures. Thcv can work 
through their disagreemenls to a consensus about what works and what 
makes sense. rhe\ can beat their [)oorly foimulatcd expressions phrased 
more precisely by their peers. Thcv can help their colleagues grapple with 
ideas they themselves have just bcguii to understand. Many high school 
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niathctnalics it'aclicrs aw sk('[)lical about iUc l)cnrfits of" <:roup work. 
(ioofxTalivc classroom ^roii[)s arc viewed as difficult to organize and man- 
age: grouf) work is noisy: it takes time: it often seems to be leading 
nowbere. Many t(*aebers believe tbat it i^ mueb simpler just to tell students, 
ratlier tban to lt»ave tbem floundering. Vet for tbose t(^aebers wbo are 
willing to work tbrougb tbe problems of managing groups, the benefits in 
student understanding can lie substantial and lasting. 

Of eours<\ students need not be in small group^^ to hav(^ a dial()gu(^ with 
one another. In tbe hands of a sensitive teacher, a student presentation to 
the whole class of a [)roblem just solved, or papers outlining a propositi 
proof that are exchanged to be read and given written commentary, can 
be vehicles for students to reach new levels of understanding, Tbe key lies 
in th<^ s[)irit of shared in([uiry that the teacher is able to foster and sustain. 
(Certainly, the process of publishing solutions discussed abovt^ in the con- 
text of Mr. \^<»stermanV class is a good exam[)l(^ of a classnxmi interaction 
structure that allows students to learn a great deal from each other during 
a process of semi-formal presentations to an entire class. 
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3. Transforming Ordinary Situations 
Into Extraordinary Opportunities 



l Uv piclurt^ of a riclicr.. more vitr()^)U^ >< lin(»l nuitluMiiatics tliat lia^ hvvn 
painted in iUc cdvWvv cliaptcrs (hu^s not n'(|uir(' a new currit uluni. new 
textbooks or t('a<'liin<i materials, or diffVreMit studiMits. Mucli can l>e done* 
with what we have now. \\ hal we need i^ to look lor appropriate op- 
portunitit^s for thinking and eoninuniieation in tlu^ material we already 
t(^ach. In this section, we ofier some (examples from leaeluMs who liave 
nuuh' siieli opportunities l)y transforminji onhnary pr(»l)lenis antl situations 
into (extraordinary occasions for developin<i and promotinji mathematical 
thinkin»i. 

Opportunities for Mathematical Speculation 

The popular imajic of mathenuitics empliasi/e^ its precision and finch 
tuned final pnxhu'ls. \n this vie\\» there is little loom loi' •^uch acti\ities as 
uoiuh'rin^ and spcciilalin«^. I low e\cr» ^nch oj)en-ended thinking act uall\ 
(piite characlcrislic of" mathematics. 1^'or examj)le, important ^encrali/a- 
tions can often he generated through the process of spcculaliii«^ ahoul how 
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a given result might be extended in new directions. We need to provide 
students with some opportunities to engage in these more open-ended 
forms of matheniatieal thinking. 

Modifying c(vmm()n textbook problems to make them more open-ended 
can be a plausible entry point for introducing speculation. For example. 
Mr, Ruiz frequently changes the problems presented in his students" ge- 
ometry textbook to more open-ended and challenging versions. vSome ex- 
amples of the textbook problems and his revisions are shown in Figure 
3-1. Mr. Ruiz has found that when his students work on the open-ended 
versions they think about the problem longer, they [)ose more problems 
and find more solutions, and they make more interesting and important 
connections among mathematical ideas, Mr. Ruiz sometimes uses an (^pen- 
ended problem as an exercise to help students review for a unit test, but 
he has also used an open-ended question (like Problem IB in Figure 3-1) 
as a way of reviewing what students already know before a new unit is 
started and as a way of solidifying learning during an instructional unit. 

Ms. vSmith also likes to pose open-ended problems for students in her 
geometry class to think about. She relies on examples that she has collected 
from articles in professional journals and from workshops she has attended. 
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ihe tignre below. I'*in(l llie area 



(he figure hel<j\\. Find (Mit all 
can alxuil llie circle and *-(juare. 




2/1- 



rrohlein I 




.hit 



Fi|ixure 3-1, Kxamples of Open-KiidtMl Problems I se<l l)y Mr. Kiiiz. 
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One problem that she has used frecjuently with her geometry classes 
involves identifying tlie shapes that can be made by a straight line passing 
across a s(|uare. It is an engaging problem because it is accessible to all 
her students, yet it leads to interesting discussions and speculations that 
deal with important geometric ideas. The following excerpt makes this 
clear: 

Smith: Imagine a line passing across a scjuare. What shapes could be 
formed? The line can pass across the square in any direction we want, 
ril draw a square here on the board, and 1 need someone* to C(wne u{) 
and draw a line passing across the sijuare. Jim. phrase come to the 
board and draw a line across the square. 

(Jim draws a line as directed.) 

Smith: OK. \^ hat shapes ar(* foi nK^d? 
Jim: A trapezoid. 
Smith: Only one.'' 
Jim: No. two. 

Smith: OK. KvtM-yone slmuld use tlic sheet of paper I gave you to find 
as many different possibilities for sliapes made by a line acr(»ss a 



(Students work individually for about five minut(*s on a slieet filled 
with s(|uarcs.) 

Smith: Kvcryone team up with a partner and compare the sliaf)cs you 
hav(* found. (Compile a master list of all tin* different possibilities you 
have identified. W bile you're working. I'll pass around an ov(M*licad 
transparency, and each team should add one new answ<M'. if you liav(» 
one. to tlie set that is already tliere. 

(Students work in i)airs for about 10 minutes, comparing tlieir work 
and compiling their list of answers. As the transparc^icy passes 
around the room, students carefully review the set of answers and 
add new ones whenever possible.) 

Smith: OK. l(M*s look at the answ(M*s we have come up with. 

(Smitli i)rojects the transparency. She and the students identify and 
discuss each answ(M* to be certain that it is valid and new.) 

Smith: Are tln^n^ any more answers that w(^ should add to our list? 
MelanieV 

Melanie: I'm not sun^ tliis is new. but what about the s(|uarc il>-elfy 
(iould *hat b(^ an answcM? 

Smith W bat do you tliink? (.'an anyone >ec >omc way that the s(|uare 
itself could be an ansyver? Mark? 

Mark: Sure, if vou liave the linr l)e likr a >i(le of the sipiarr. is lhat 



Smith: \\ luit do you tliink? Does any(m(^ have an idea about tlii>? Did 
any of you include tli(^ s(|uare on \oui* list of possibilities? Sam? 



s(iuare. 



legal? 
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S<im: 1 (lid. because I tliouj^lit it was. lik(\ a spt^cial case or somelhing. 

\()U know, when the line just happens to line up with the side. You 

didn't say the line couldn't he that way. so it setMned OK. 

Smith: That's ti<K)d. Sam. The directions did not (hsallow it. and so 

we could consider this a special case. So that was a W(»nderful sutr- 

gestion. Melanie. and we need to add it to our list. Anything elscY 

Rebecca^ 

Rebecca: I'm not rt^ally surt^ about this, hut when we make triangles 
with the line, can't we make some sptu'ial triangU^s sorTK^tiniesY 1 
mean, is "*triangle" really saying (nKUighY 
Smith: What do you mean by '"special" triangles? 
Rebecca: Like ecjuilateral. or isosceles, or rwu 30-60-90. 
Smith: Oh, I see. That's a good ({uestion. I want each of th(^ pairs t() 
go back and look at your answers to s(*e if you can find examples of 
any special triangles that ate formed. Think about how you could 
convince yourself that \hc triangle is really special. 

(Students work in pairs examining their lists lo s(m^ if they can find 
any "special " triangU^s.) 

Smith: OK. \\ ho has some ideas to shan^ with us? JcmnyY 
Jenny: Well, \\(^ decided that you can't ever hav(* an ecpiilateral 
triangle, becaust^ there's always a right angle in th(M'e sonn^where. 
And we had that pnibleni b(*fon\ wIhmi you ask(^d us if an tHjuilateral 
triangle c(»uld have a right angle, and we found out that it can't. 
Smith: Is that vUwv t(» everyone? Jc^nny and l)(*b have decid(Ml that, 
in any triangle fornuHl in the scpiare by the lim^ passing across it in 
this way. one of the angles has t(» be a right angle. Since you can't 
have a right angle in an e([uilatcral triangle, then there can b(* no 
e(|uilat(M'at triangle in our set of triangles. Any (luestions? Mike? 
Mike: It's (\isy to get an is(»sc(des triangle — ^just put the litie across 
as a diagonal. 

Rebecca: "^'eali, and that is really an isosceles rip:ht triangle. We got 
that one. 

Smith: What ar(^ tlu^ angle measures in an isosceles right triangle? 
Rebecca: OK. S(» an(»ther way to call this triangle is a 15-15-^)0 triangle. 
Smith: (mxkI. Anythitig (^Ise? 

Sam: If you put the line ^o it hits a corner and the midpoint nf a side. 

then you get a special triangle — a 30-00-90 triangle. 

Smith: is that eU^ar to everyone? Sam. please draw that one up iien^ 

on the board for us and explain y(»nr reastming alxmt the 30-00-00 

triangle. 

(Sam (haws a line connecting a \ertex to the iT]id|)oiTii uf a nonad- 
jacent '-ide.l 

Sam: Well, if t lie side of the scpiare is (Uie. theti this piece is one-half 
of that, and this is a right angle, and so you get 30-00-90 for the 
angles. 
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Smith: Xiiy (lucstioiis or corniiKMitsy MoiiicaY 

Monira: I thought th(." hypotenuse was su[)pos('(l to he twice as lotit: INotes 
as a le^r to havt^ a 30-60-90 triangh'. HtM'e we ha\(» one twice a> 
loii^i as tfi(^ n\\\cr I think we saw thai this wasn't ri<iht hack when 
we studied 30-60-90 trian<iU^s, 

Sam: Sh(*'s ri^lit. 1 hh"w ill This sure seems Hkt^ a special trianjih'. 
hut itV not 30-60-90. 

Smith: Did anyone have a 30-60-90 trianirle in their concction oi 
pnssihihties? (No response,! Do you think it's possihU" to a 30-60- 
90 trian<j:le with a Hue passin^r across a scjuare? W hy don't you work 
on that prohh'm for homework. Also. 1 want you to think ahout another 
sptx'ial issue — coni]:ruene(\ \\ hen are the shapes formed hy the line 
across the scjuare contiruent? Finally. I wouhl like you to think ahout 
how to tienerahze this prohleni. We have tried to neneraHze some of 
our other prohlems. and I want you to think ahout what some a[)pro- 
[)riate <ieneraHzalions niiglit he for this [)rohlein. 

This excerpt from Ms, Smith's class illustrates the kin(i of conversation 
that can take piac(" in which students conjecture ahout and profiose math- 
ematical possihintie>. and evaluate their artiuments and assertions. 
Ms, Smith starttMl the conversation at a level of visualization tliat was 
comfortahle for all her students, hut she continually [irompted a discussion 
t)f more s(ti)histicated mathematics and mathematical issues, and wove it 
all toticiher in the conversation. The pact" was not too ruslu^i — she *:ave 
students time and s[)ace to think. t(» share tlieir ideas, and to coritrihute 
tlieir hest efforts (hoth individually an(i collahorat ivtMy I to an increasint^lv 
complete resolution of this open-ende(l })rohlem. vShe tr<\ited ttMitative 
sug<:estions and conjectures seriously hy encoura«i:in^ the class to examine 
and prohe them. Kven errors wore inJer(»stin<: to Mrs. Smith: she tn\Ued 
tluMii as reasonahle s[)eeulations and explored them for tluMr learninti value. 
The assit2:n(Ml homework <:rew naturally out of tln^ unresolved issu(^s relatetl 
to the prohlem. and eonlained in it the seeds for still later <:eneralizations 
and s[)(»cidations. 

Ms. Sniith'> final homework ta^-k — askin^: her >tudents to tieneralize the 
[jHihlem — would surely please her collea<:ue Mr. Durant. who teacho at 
anotlier hit^h sclntol in the same di>trict, A few y^*ar^ a^io. In' read a hook 
called The Art of Problem Posing llirowu and Walter. 1983) and he*:an !(» 
incorporate prohlcMn po^injz and »i:eneralization activities into all oi 
mathematic s- classes. One of hi^ f a \ orite aeti\ itie-i involve> the Pyt ha^iorean 
Relation: The >um of the areas of the s{piare> on the le<i;> of a ri^iht lrian<:le 
i> e(jual to the area of the >(|uarc on the h\polenu>e. 11c enjoNs askinj: 
int(M mediate al<i:(d)ra stud(Mit> to <:cneralize the Pythajiorean Kelalion. 
which lh<*\ ha\e aln»ady studied in elementary al^ehra and in ^icometrv. 
Over the \ear>. he has hvvu amazed at tin* varicMy of ir(»n(»palizalion> that 
the >ludenl^ can prodiu'c— -ineludin^ "-e\eral dilfeionl ^encM alizal i'lU"- in 
three dimensions, and many ^emMalizalions related to eoii>trnclin;ji. other 
fijiure^ le.^z.. semicircle'- or rejiular poly<:ons other than "-(piaio"-) on t!ie 
side- of" a rifdu triangle. 
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Mr. Durant rcmcnihcnMl the fii>l Ur asked his sludcnls lo do 

activity, hccausc a >liid(Mil ticncratcd a conicclun' alxuii uhicli he \Na> 
unsure. 

I r('nHM)d)('r Mark, one of ihv best students in llu* clas^. sayin<r that 
he thou^iht |the l^yt ha^or(»an KclationI could he jicJUMaU/ed to any 
retiidar poly<i;on. I had seen a proof f or otiuihiteral trianirles and rejiular 
he\a^on>. hut I (hchi't know if it \Na< true for every re^uhu' [)oly<ron. 
And 1 surt* difhi't know hou to provt^ or dis[)rove it. I teh [irelty 
unconifortal)le not knowing the answ(M\ After (*\aniinin^ proofs for 
th(* case> of the (MpiiUueral trian^h' and n^<iular hi^Xi.^on with the 
entire class. 1 had Mark state liis coniectur(\ Since Mark was the 
hest student in the class, and since we had seen a specific cases, 
everyone was prepannl to accept it. Rut 1 warnt^l them ahout the 
need to develop a convincinii: argument, and made it available as 
special extra-credit project. Mark and two otluM* students got 
**hook(Ml" on the project, and they were finally abU* to prove th(* 
^ieneral result by findiuii and usin*: a formula for area usinti: the 
apotheni — a fornuda lliat wa> not in th(» curriculum i was teaching. 

Mr, Durant's class had learntMl at least two important lessons: the truth 
of a mathematical assertion is not always known in advance, and. with 
persistence and rt^fleclion. students can often en^a^e in si^inificant math- 
ematical thinkin<i lhat ^oes well beyond what they are norn\ally askt^l to 
do, Mr. Duranl. too. had learned an important lesson, 

Vfter that expcM ience. 1 dtu-ided thai it was not such a seriou> [)ro|)leni 
if I didn'l always know whether or not my sludents' conjectures were 
valid, so 1 just routincdy ask them to ju>tify tluMr own thinkin^:. This 
approa<'h lurned out to be helpful for some of the three-dimensional 
jicneralizations. A few yi^ars a<2:o. one student turned the ^cntMaliza- 
tion of the Pythap»rean Kelalion in three dimensions into a wimiinjji; 
[)njject at ihc di>trict science fair. In fact. 1 like this approach so 
nuieh Iliat I find myself contimially acting skeptical and challen<iin<r 
mv slud(Mit^ to justify their mathcmalical assertions. 

Opportunities for Thoughtful Mathematical 
Analysis 

Mathematical analyse> of interestin*: situation> can often arise as a ri^sult 
of considerin*: real-world applications, such as the problem of planting: 
replacement trees di>cu>sed earlier. However, many thoughtful analyses 
can also arix' ruiUirally from [)roblem'> already pre>ent in ihe >econdary 
school curriculum, \\ ith exploration and expansion, even ordinarv textl)ook 
problems can b(* u^(*d as sprin;j:board^ loi careful anaK'-i*-. 

Mr>-. Ileireia noled thai her students had some ilifficultv in •-ettin*: up 
e(piation> to sobe **aue** probhMn> in elementarv al*:ebra. To oet them to 
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focus oi) the relationships she thoujj^ht were at the hearl of her student-^" 
(lifficully. Mrs. Hcrrcia asked her students to think about how th(* rela- 
tionship between two persons* a<»es chan^ii s over time. In partieukn\ she 
asked them to think about liow the differenee betuecMi their" a<:es chantie-^ 
and how the ratio of" their ajzes ehanties over time. This turned out to he 
very difficult for her students: what they could observe* and the cpiestions 
th(*y could f^enerate were disappointin*:. Based on what slu* perccMved to 
h(* h(*r stutleiits' f rustrations u ith the ahslractness of the task. \h's. Herrera 
decided to try tiroundin*: the ideas in a more concr(M(* problem settinjz. 

The next day. Mrs. Herrera jzave her students the f'o||owin<: problem 
from their elemt ilary aljiebra textbook: ""Pop Kli*:h is 8 times as old as his 
son. Hy. In 2 years. Pop will he only 6 limes as t^ld as Hy Kh^h. \\ hat are 
the d^v^ of }^op and Hy n(»wy"* She set everyone to workin<>: in pairs to (a) 
solve the problem and (b) complete a chart hy listin*: the a*:es of [^^p and 
Hy for five years lu'fore and fi\e years after today. .\lthou*:li tlu^y had a 
little difficultv solvinji the problem, most of the students, workin^r collai)- 
oratively. wtMc able t() find a solution for the problem and complete the 
chart. Then Mrs. Herrera asked half the class to fill in the "DifT' row in 
tin* chart by calculalin*: the differt^nce between Hy's and Pop's a*:es for 
each y(*ar. The other half of the class was'asked to complete the "Ratio" 
row in the chart by ealculatin^r the ratio of Pop's a*:e to H\'s a^ie (Pop:Hy) 
for each year. 
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Aft(M' the problem was solved and the chart completed. Mrs. Herrera 
led a brief discussion about the answers to the two different problems. \o 
one was particularly surprised to find the constant difference between ihe 
atK's. but riiany expressed considerable surprise about the ratio dala. in 
particular, they notic(Mi that tlie ratio was not coiistaiit. that it was unde- 
fined for the first year in tlie charl. that it ehan<ied very dramatically <Acr 
the first few years and then more slowly, and that it decreased in value 
each tinu\ There* wa-- also sonic int(M*estin<i discussion al)out tlu* use of a 
siiijile decitnal nnnd)ei lo express ihe lalio. B\ the end ol ihe di^cu^^ioji. 
even those students who orijiinalU thou^ihl that "yon have lo ha\e Iwo 
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nuinlxTs ill a ratio'' a^n^Ml that the iis(* of a sinjxlc nunilx^r simplified th(» 
aiialysis of the rc^lationsliip. 

Mrs. Hernia decided to push further. She asked her students to niak(* 
a {^raph hy plotting (year. diffcM'enccM ordered pairs. Sh(^ also asked them 
to pr(»di('t and sketeli what th(» j^raph would l(M»k like l)ef(»re finally plotting!: 
the points. Most of her students had litth* tnmhU* predieiin<: the "Hatnc^ss" 
of th(* graph Ixn-ause of the constant diff(Tene(\ although sonu^ stud(Mits 
predi('t(*d a vertical rather tlian horizontal line. 



-r> -4-3-2-1 0 1 2 :\ 4 5 

^ ear 

Fij^ure 3-2. (iraph of tht- Year an<l Difference for Mrj?. Herrera**' 
Prol)lein. 

Following a diseussj(»n of tlu^ relationship l)etw(^(Mi the graph, tlu^ chart, 
and the actual ages of th(* ptM)pl(\ Mrs. Hcrrera f(dt her studcMits wer(^ 
ready for a more challenging problem. For lionunvork. she asked the stu- 
dents to make a grapli hy plotting (yt^ar. ratio) ord(*r(Ml pairs. As with the 
task solved in class, she* also asked ihcm t(» sketch their pr(Miiction hei'orc* 
actually ph^ttiiig the points. 

W hen tlie studciits came to class tlic next day. tticy were more than 
ready to discuss their graphs. TIkmx^ was genuiiK^ cxcitcMnent: Not only 
wasn't tlic graph constant, it wasn't a straight line at alll 

There was a li\cly debate about how the grapli should he ext. ndcd. so 
Mrs. H(w*rera assigned as liomework tlie task of making a prediction. 
cxt(Miding tlie data in tlic cliart for anotlier 10 y(*ars into tin* futur(^ and 
plotting the points that extended the graph. The following day. the class 
discu-^sed the heha\i()r of the curve representing the latio oi' tlic ages. 
They n()t(Mi tliat the values in tlic chart and the graph of the curv(^ sctthMl 
doun close to. hut never reaclied. the ratio of 1. Th(*y could s(M' why tliat 
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Figure 3-3, Graph of the Year and Ratio for Mrs, Herrera's Age 
Problem, 

made s(*nsc\ as onr student remarked. ''It [the ratio] could never tx^ 1 
because there is always that difference in their ajies. We already saw that 
it never chanj^es.** 

Althoujih her class had invc^sted considerable time in this set of prob- 
lems. Mrs. Herrera was more than satisfied with the r(»sults. She bad 
be<run with the simple hope that this e\p(M'ience would help \\vv students 
solve *'age'' problems more successfully, but she was delijihted that there 
were other very important mathematical benefits from the experience. 
What had be<run as an attempt to h(dp stud(Mits solve ordinary textbook 
problems had turned into a stanlinji mathematical investigation. For sev- 
eral days, her students had been enjiajicd in analyzin^r and diseussinji 
various interestinji. important, and fairly sophisticated mathematical ideas. 
Their exploration had introduced them to a constant linear function, to the 
representation of a ratio as a sinjile number, to a monotonically decreasinji 
nonlinear function, and to an intuitivt* notion of an asymptote. Mrs. Herrera 
was certain that she would be able to refer to this experience in subsecpient 
lessons to build on some of these ideas. 

Mrs. Herrera was excited and pleas(Ml enou*rh to discuss her experience* 
with soHK* of her colleagues. She was subseejuently inviteul to give a talk 
at the local mathematics conference, ()n(* of the other sessions at th(^ 
conference was giveti by Mr. jone^, a teacher from another high school in 
the area. His talk f(K*us(Mi on ways of transforming g(M)metry problems to 
make them more int(Testing and chalh^iging for students. At the conf(*r- 
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cnce. he discussed his experience \\ith several classes he had recently 
taught, ranging from tenth-grade geometry to precaiculus. 



1 was sent a problem by a colleague I met during a trip to Japan. He 
said that he had used this problem with his Japanese secondary school 
students and that they had produced some interesting solutions, so I 
de(!ided to try it with my precaiculus students. 

Imagine that you are given a piece of paper with an angle drawn 
on it. (See Figure 3-4A below.) Your teacher asLs you to take the 
paper home and construct the bisector of the angle. On the way 
home on the bus, the paper is ripped, and the vertex of the angle is 
torn off. (See Figure 3-4B below.) How can you complete the as- 
signment using only the torn piece of paper you have left? 

After explaining tliat it was not "legal" to put the ""torn"" angle on 
another piece of paper and extend the sides to find the vertex again. 
I assigned this problem as an extra-credit project investigation to be 
done by individuals or teams of students. I told them that the problem 
had come from a colleague in Japan, and they seemed highly moti- 
vated to do their best to solve the problem. They had been reading 
newspaper stories about how poorly United States students do on 
mathematics tests compared with Japanese students, and they wanted 
to show that they could do something with this problem. 



Fig:iire 3-4, Angle-Bisector Problem Used by Mr* Jones* 

Mr. Jones wvnl on to i»xpiain how h(* often assigned Iong(»r term projects 
like tliis on<* to give students a clianc(» to invt»stigate som(* mathematical 
problem or i(i(\is. and to earn extra crt^dil. After a few years of doing this 
in diffen^nt ways. h<' had h^arned thai eiicouraging the stud<Mits to w()rk in 
f)airs increased the prol)al)ility that some good ideas or solutions would 
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emerge. The collaborative approach seemed to fit the way people really 
work on problems outside school. 



I was quite pleased with the variety of solutions proposed by the 
students, and the discussion of solutions provided useful review of 
many geometric ideas. The students used a great deal of their geo- 
metric knowledge and really were quite clever in their approaches. 
(See Figures 3-5 through 3-7 for examples.) Kerwin and John, whose 
solution was judged by the class to be the easiest to understand, said 
that they got the idea for their solution by trying to be very simple- 
minded about angle bisector — by trying to think of its basic meaning 
as a set of points halfway between the sides of the angle. They used 
a clever approach to find two such points and knew they could then 
draw tiie line that would represent them all. After discussion, the 
class realized that all the solutions really used this basic meaning of 
the angle bisector in some fundamental way. Tracie's solution was 
based on the same idea, but she used knowledge about parallel lines 




1. (Idnslnict line 1 parallel to AB at (iistaiuc \ rmni AH. 

2. (Construct a line in imrallcl to {A\ at di^lancr \ fn^ni (!B, 

The point of inicrscclijjn of these lines I), is one point on the 
anjje bisector. 

."i (lonstniet line n pardlel lo AB at dislanee \ iVoni AB. 
4. (lonstnict line o parallel to (!H at distanee y from ( Ai, 

The point of intersection ol these lines K. is another point on 
the anjile bisector. 

.>. Draw line p ihiduj-h points I) and K. Line p is the anjile bisector. 



Figure 3-5. Kei'witrs ainl Johns's Solution lo the Angle-Bisector 
Problem. 
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ill a snnu'whal (liffVrciil uay — a uay that the class found niorc^ difficull 
to utidcrsland. rhc solution producrd l)y Kainona and Mclanir was 
nice IxM-ausc tlicy made use oflhc* inccnlcr — the point of intcMsrction 
of the an^rlc bisectors — and an iiiscrihcd < irclc. 'I'licir solution \\a^ 
viewed 1)> the elass as th(^ most sophisticated (Uie. 



Ill 





1. Draw tran^\cr^ai 1 throutiii \\ \ and 

2. Draw trans\('r>al in !lnou<:li \\ \ and parallel to tran-Ncr-al 1. 
:\, Bisccl allelic A and an»:l{- tlu^ l)a>e a?i<ile> oi' triangle MU!. 

k l*oi[il F. the intcr>cction ol' tlic an*il<* hi>cclor>. nmsl he <nic 

noiiil on ihc hi>ec|(ii* ol an<:lc P 
7), Hi^rcl an^lc 1) and aii»:lc K. tlic l)a>c ani:lc> of trian<:lc DHK. 

6. Point (r. iho inlcr>c{-lioii of ihc an*il<' hi>cctor>. fnu>l he one 
p<iinl on the hi^eetoi- nf antile H. 

7. Draw a line lhn>ii»:li points V and (i. 'riii> line i^ llie hi>eetor (.i' 
an<:l(^ \\. 



Figure .5-6. I'raeie's Solution to the Aii^^lo-Hiscotor Prohloiii. 



^h^ Jones said that he th(Hi<:ht the problem provided many stuiU'nts with 
an opportunity !o explore an interesting prol)l(Mn. and also to review a fair 
amount of treometry at th(^ same time. Rut it was nn)re than a simple 
revi(^w. Several students rcMnarkt^l to him that, altlnmjih they thought they 
alreadv knew the topic very w(dL this problem pushed them to think more 
about what an anjzle bisector realty was. This task — a sli^rht variation on 
the usual assijrniTient l() construct an an^le' bisector — allowed students to 
en<!;a<ic in a tlnuijihtful analysis of the basic meaninjis of angles. an<:lc 
bisectors, loci of e(|uidistant points, and (»ther fundamental <:eometri( 
ideas. 

in fact, tlic problem worke<l >o w(dl that Mr. .hnn^s decided to challen<ie 
his tenlh-<irade geometry students with tlie problem, near the end of their 
veardon<L c(uu'se. in order to strtMch their understanding: of *reometrie 
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1 . ( !(Hin<'rt points \ cIimI ( '.. 

2, iM\\>\vin \ the l)i^('( l(H" j»l an<ilc \. 
i'.n\\^\\u{ \ the hix'clnr ol imiilcC.'. 



l^^ilU 1). the point (»l 'nil (Mx'cl inii nl'ilic allele l»i>('{ |c»r^. lln- 
rcrihM" nt the itix r ihcd ( iic Ic. 



( !nri>lr ii( l a line j>a>sin<i tliKHi^li poini I) am! pci pciKliculai" 1(» 

( !«iii>lriict a linr i)a>siii»: llnoii^li |)cmiiI 1) and prrpciidicular lo ( ill. 

(). Dravx radium l)K and I)K 

7, l>is(M'l llic (M'Mlral a!i<ilr KDK. 

H, riic hix'clor (li centra! an^h* l'!I)K \> a!>(» tlic !)i>('( lnr ol' an<il<' 1^ 
siru (' we have (■nn>tiU( l(Ml (■nn<irn('nt liianiilo DKH and \)VH. 



Fif!:ur<» Raiiioiurs and Solution to the Anfrh^- 

Biseotor Problem, 



(■(Hi^truclions. I nrortunalcly. the [)n)|)l(Mn appeared lo he loo diffieult for 
the stii(|{'iU> ill his < lass, 

\o one found a {-oniplete sohition. and a few sludent^ were realK 
fruslrated and annoyed with (lie pr(d)U'in. I even <:ot one call from an 
an<iry parent wlio was unahle to solve the prohleni and was fVustrattvL 

\ few studcnls did ennie up with the i(h'a of folding: one >ide of the 
an<ile onto the c)ther side in ordei lo locate the bisector on the crease 
line. One student even mentioned that this reminded him (d soinc- 
thin<: he had done in junior hi<:h school with a red plastic miiror, 

Mlhou^h iheir intuitive i(h*a f)f a hisectf>r was ju^t fine. I was hasi- 
cally (juite disappointed that no one was ahle to find a really litiorou^ 
conslruetion. 

Mr. Jones then decided thai he wotdd he ^ali^fied if the -^tiidenls c(»nld 
juslifv and analv/.e the sohilicuis. even if ihey couldn't independentlv pro- 
duce them. 
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I gave the students a packet of solutions, including the folding solution 
from this class and several other solutions produced by the precal- 
cuius class, and I grouped them to work in pairs, and challenged 
them to justify each of the solutions or explain why they were incor- 
rect. We started this during the last half of one class, then they worked 
on it independently at home, and finally together again for the first 
half of the next class. And this worked much better, with the burden 
of solution lifted off their shoulders. Some of the students really 
surprised me with how well they were able to reason about the various 
solutions. 

Most of the students were able to produce a good explanation or justi- 
fication for the intuitive folding solution, and that helped them to see the 
angle bisector as locus of points. Some students were able to develop solid 
justifications for the other solutions, although many students found this 
difficult. The class discussion of the different solutions and attempted 
justifications not only gave Mr. Jones an opportunity to discuss the nature 
of geometric construction and to review a fair amount of fundamental 
geometric knowledge, but it also provided a forum in which to discuss and 
analyze what is involved in making a mathematical argument. 

Opportunities for Convincing Oneself and Others 

Mr. Jones provided the -lucienTs in his class with an opportunity to see. 
hear. d(^bate. and eva'jat.' nir^i nematical explanations and justifications. 
In other words. Mr. Jm<\'^V ' [assroom became a place in whicli llie em- 
phasis was less on memorizing and producing answ(M's and more on ana- 
lyzing and becoming convinced. 

Many of the problems considered in this or <*arlicr chapters also provide 
occasions for students to engage in the process of convincing themselv(*s 
or others of the validity of their mathematical ideas or assertions. Vor 
example. Mr. Jones clearly gave his students an opportunity to examine 
seriously how one convin<*es oneself and others of the correctness or rea- 
sonableness of a solution or approach. His classroom was transformed into 
an ar(»na in which convincing and justifying became the central focus of 
attention, rather than a p(*nph(»ral matter. Moreover, we have seen how 
Ms. Smith's "lin(* across the scjuare" prol)lem \vd her students not only to 
conj(»cture about possibiliti(»s l)ut also to verify and validate {by\r conclu- 
sions about the possible^ shapes. In the class discussion, we saw Sam revise 
his ass(Ttion al)out the .'U)-6()-9() right triangle on \hv l)asis of evidence 
providcMl by a classmate. And in the discussion of Mrs. Hcrr(Ta*s "age** 
problem. w(» saw \wr students pn^dict the beliavior of a graplied curve and 
justify lluMr predictions on the basis of the data. MoreovtM*. ihvy were able 
to r<»vise th(Mr individual and collective^ thinking about the relationships 
implicit in a problem situation. 

It is important for stud(»nts to realize that revision of thcMr thinking is 
l(»gitimat(» and appropriat(^ Sincc^ we very ofl(Mi present only polish(*d. final 
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arguments in mathematics classrooms, students liave too few opportunities 
to see the importance of revision as a necessary component of reasoning. 
The philosopher Imre Lakatos also had such concerns about formal pre- 
sentations of mathematics: "Naive conjecture and counterexamples do not 
appear in the fully fledged deductive structure: the zig-zag of discovery 
cannot be discerned in the end product" (1976, p. 42). 

Although our students are taught by teachers of other subjects to develop 
^'drafts" during the process of producing compositions and essays, we 
mathematics teachers rarely encourage the same behavior when they are 
constructing mathematical arguments. In fact, we spend so much time in 
our classes developing the **punctuation and grammar" of mathematics 
that we too rarely give our students the chance to do any ''composing." 
When the focus shifts to allow more composition work in mathematics, 
then it becomes more natural to think of revision as a natural part of the 
process. Moreover, when more emphasis is placed on convincing rather 
than on memorizing, it also becomes natural to think of revision as a 
necessary component of the process. Convincing oneself or others is often 
a slow, repetitive process. We need to remember that — both for our stu- 
dents, as we plan and construct classr()i)m activities, and for ourselves, as 
we set out to convince our students that mathematics is a rich, interesting 
subject that deserves their prolonged intellectual attention, not just their 
first-draft thinking. 
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4. Getting Started 



The discussion in tlu* earlier sections of this hook has (Miiphasi/j^l the 
importance of inciniry and communication \u the secondary school mathe- 
matics classroom. Althou^rh most teachers would acknowledjxe the value 
of in(|uiry and communicatioiu many have difficulty imagining how to make 
these things actually happen. Standani texthooks do litth* to sujx<:est how- 
more comnuinication between teacher and stud(*nts or among stud(Mits 
might he fostered, nor do most t(*xthooks provide nnich guidance about 
stimulating incjuiry. in this chapt(*n we turn our atttMition lo some verv 
specific practical suggestions that may help teachers open up lines of 
irKiuiry and communication in their math(*matics classrooms. 

Providing Opportunities: Opening; Up Lines of 
Inquiry and Communication 

Many teachers believe that changing the classroom organization to allow 
inore time for •students lo work in cooperative groups allorcN the best 
opportunity for stimulating both impjiry and conununicalion. When >lu- 
dents are working in groups, the teacher is free to mov(^ about the nx^m 
and engage m dialogues that provoke or prolx'. \b)reoven group work also 



affords students the opportunity to think out loud about mathematics with 
their peers. Many mathematics teachers, however, do not feel comfortable 
with the notion of having students working in groups. For those teachers, 
communication opportunities can often be found through large-group dis- 
cussions in class, and individual conversations with students while they 
aie engaged in seat work. Regardless of the form of classroom organization 
employed by the teacher, when students work on an open-ended problem 
or an extended investigation, there must be opportunities for communica- 
tion between teacher and students, either during class or during a free 
period, at lunch hour, or before or after school. 

Timely Advice 

The journey toward creating a mathematics classroom atmosphere that 
fosters communication and inquiry is sometimes a long one. Although the 
destination is clearly worth the trip, the path one travels to reach the goal 
is not always smooth. As is true of many of life's journeys, the trip will be 
more enjoyable if you take someone along with you. Most teachers find 
that innovation is easier if they are not alone in their efforts. Not only can 
a colleague provide much needed moral support during difficult times, but 
the colleague can also serve as a knowledgeable '^sounding board'' for 
ideas before they are tried in the classroom. **Such interchange provides 
intellectual refreshment and places teachers in the roles of partners in the 
process of education" (National Council of Teachers of Mathematics, 
1989b). 

On Changing the Rules: Expect Some Resistance 

By the time students have reached the secondary school mathematics 
classroom, they have had substantial experience in mathematics classes — 
an experience that has built expectations about how mathematics classes 
should be conducted. It is not likely that this set of expectations includes 
the kind of communication and inquiry discussed in this book. More likely, 
students expect each class to consist of the teacher leading a review of the 
previous night's homework, then giving a short lecture on today's topic, 
and working a few examples at the board; after that, they expect to be 
assigned a few problems for seat work, and then given some time to begin 
their homework. Although students may not be particularly fond of this 
kind of mathematics classroom, they are comfortable with it and generally 
expect to meet it time and time again. The notion of having an extended 
discussion about an interesting problem, considering multiple solutions to 
the same problem, working in small groups and recording ideas, or writing 
about mathematics will seem foreign to most students. 

Many students haw reached an implicit understanding with their math- 
ematics leachtTs: if the tt^acluT will simply t(^ll \hvn\ ihr rules and wh(»n 
to use them, the students will follow the rules, l.'nfortunately, this form of 
learning becomes c[uickly routinized and divorced from meaning, thereby 
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leading to the kind of results we all know too well — students who can 
mindlessly apply rules without having any understanding of what they are 
doing, and who are unable to use what they have learned to solve any 
complex or novel problems. But when a teacher shifts the burden of 
learning to the students, many will resist and seek to restore the mathe- 
matics class to what they think it is supposed to be — with the teacher as 
the presenter of all ideas and the students passive, silent, and working 
alone, with the emphasis on memorization and rules, rather than on com- 
munication and inquiry. 

Rome Wasn^t Built in a Day: Make Time and Have Patience 

It will take time to win some students over to a new view of the mathematics 
classroom. Experienced teachers know that even though the curriculum is 
(over)crowded, it contains some dead spots — topics that would never be 
missed. In fact, the National Council of Teachers of Mathematics Curric- 
ulum and Evaluation Standards for School Mathematics (1989a) suggests 
a number of topics that might be skimmed or just mentioned (e.g., the 
factoring of (juadratic expressions with integral coefficients). There is al- 
ways some resistance to eliminating any topic from the curriculum, but 
even if topics are not eliminated, teachers can choose to place their em- 
phasis on the quality of the problems or exercises to be solved, rather than 
on the quantity. It can be more beneficial to solve a single problem many 
ways than to solve many problems a single way. 

Skillful manipulation of precious instructional time, with an eye toward 
the relative importance of individual topics in the curriculum, can allow a 
teacher to find time for more classroom discussions or extended investi- 
gations. Of course, it is important that key topics in any course be treated 
thoroughly and that students be given an adequate opportunity to learn 
important material. But our goal should be not so much to cover every 
topic, especially since so much of what we cover is forgotten, but rather 
to guide and encourage our students to acquire a reasonable level of skill, 
confidence, and enjoyment in learning and doing mathematics on their own 
and with their classmates. It is the latter that will ensure not only that 
students are less likely to shy away from further study of mathematics, 
but also that the foundation will be laid for their pursuit of lifelong learning 
that might include mathematics. 

Setting Modest Goals: The 10 Percent Solution 

Nothing is more frustrating to teachers than to enter class with great 
expectations for a grand revolution, only to have their hopes dashed by a 
noneooperative, uninspired group of students. Out of such frustration grow 
despair and a resistance to try again. Rather than changing everything at 
once, or expecting instant success, it is wise to start slowly and with modest 
hopes. Kather than cn^aling a **high-slakes" situation in which n(»ither you 
nor your students will be comfortable, approach the task with a mon* 
experimental attitude. You will probably have to try a ni^w procedure, such 
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as problem solvin*! in small groups or having slurienls keep learning logs, 
more than onee before judging its efficacy, ^ou and your students will have 
to become accustomed to a novel element in the environment, and it will 
take time to feel comfortable. Sometimes the innovation will simply not 
work well in your class. Instead of abandoning it. try to think of ways to 
learn from the failure and revise your approach. (^>lleagues of ours in the 
United Kingdom have a phrase they use to describe their attitude toward 
classroom innovation of this sort: "'F'ail fast and fail ofteni** Their experi- 
ence, and ours, suggests that if you keep trying and don't become too 
discouraged when things don't go particularly well, or too elated when they 
do — and expect to fail at least some of the time — the resulting transfor- 
mations in the classnxmi environment and in the quality of interaction and 
learning can be sensational. 

Our colleagues in the Lnited Kingdom also speak of the ""10 percent 
soluti(m" t(^ classroom innovation. They suggest that it is prol)ably possible 
for an average teacher successfully to alter only about 10 percent of ('lass- 
room instruction during a school year. This modest goal may serve as a 
wise target for many teachers in the United States as well. 

To change 10 percent of an instructional program recjuires tliat t(*acliers 
alter only one class period every two weeks, five minutes of e'very class 
period, or one instructional unit during the y(»ar. This small perturl)ation 
means that most teachers could find the time to incorporate more com- 
munication and inc|uiry into their s(»condary mathematics classes. Although 
the 10 percent goal may seem too modest, and the more adventuresome 
might wish to go beyond it. all secondary school mathematics t(»acliers will 
appreciate the tremendous cumulative effects this approacli can have (»ver 
several years. 

Possible Entry Points 

Assuming you are willing to set modest goals and proceed slowly but 
persistently to make cbau'ies in your mathematics classnM>m to encourage 
more communication and in((uiry. where should you start.'' \V(* offer two 
suggestions: start with "weak spots." or start with '"strong examples." 

The first suggestion is to start at some point in the curriculum with 
which you an* curr(Mitly unhappy. All teachers can identify certain weak 
spots — topics for which they are dissatisfied with their teaching and their 
students' learning. These weak spots constitute ideal targets for innovation. 
Since you are already unhappy with the results when teaching in the 
traditional manner, here* is a golden opportunity to try something different. 
First, give some thought to the desired goals for the to[uc. Then consider 
[\w ways in which traditional instruction fails to promote* tliosc goals, and 
the ways that an innovative approach might b(* used more successfully. 
Now you arc ready to bring inno\ati(»n into youi' classroom. \\ hcji you 
begin with a topic y(»u consider a weak spot, you arc motivated to change 
what you have* been <loing. and th(* chances arc good that you will be abb* 



u rni\Ki\(, \w\nn cii m vmikm vik > 



to make some improvement. Successful innovation may recfuire little more 
than altering the form of some of the problems to make them. more open- 
ended* thereby inviting more iiuiuiry on the part of the students. 

Another strategic approach to innovation is to use the great range of 
published, high-cpiality instructional prototypes that might be called strong 
examples. Many professional journals and resource books contain examples 
of successful h^sson prototypes. Articles in journals often suggest \vn\s of 
treating traditional topics in nonlraditional ways. Although journals and 
books may have actual lessons, many teachers will prefer to adapt the 
lessons to their own style. Nevertheless, the suggested topics and ap- 
proaches can serve as a useful starling point for innovation. Presentations 
at workshops and professional nn^^tings may also contain exemplary lesson 
material or useful ideas for new approaches to curricular topics. And don't 
forget to consid(*r some of your favorite problems. Old chestnuts, like the 
ehickens-and-rabbits problem used by Mr. Weslerman in Chapter 2, can 
often serve as starling points, (j)lleagues are also a us(»fu! source of in- 
novative ideas and strong examples. Ask your fellow teachers, especially 
thi)se whom you respect, what has worked for them, and be prc^pared to 
share* your succ(*sses (and failures) with them, (iommunication among 
mathematical coIIeagu(*s is important to the (Mihanccment of the discourse 
that you sc(*k to create in your classroom. 

A Case in Point: How Mrs. Holmes Got Started 



In November of one school year. Mrs. Holnu^s and Iut colleague Mr. Jarvis. 
a fellow mathematics t(*acher at her high school, attended a conference on 
mathematics t<*aching where they partici[)at(Ml in a S(*ssion on problem 
solving. Mrs. Holm(*s d(*ci(led to Iry one of the problems with her so[)ho- 
more beginning geometry class, [.ate one Friday a.'ternoon. 15 minutes 
before the end of the [)erio(L she put the following problem on the overhead 
projector and ask(Ml her students to ihink about it: 

Eight peopic attended a business meeting. If evrryhody shook hands 
once with everybody else, hou many handshakes n ere exchanged 

Immediately, students began shouting out their answers: and "16"! 

Mrs. Holmes said. **No. no! Don't just guess, 'i'hink firs! I" That stopped 
the guessing, but the class (juickly fell a[)arl into a series of side conver- 
sations* many of which were not related to the problem or ev(*n to math- 
ematics. Some students began looking at the clock, and others simply 
stared out the window. When M»*s. Holmes ask<'d if anyone had a solution, 
she was greeted uitb silence. Mercifully, the bell soon rang, and the school 
day was over. She was so u[)set that ^he forgot to remind the students ot 
their quiz on Monda>, 

\fter school, a di*>appointcd Mi>. Holmes coiiierrcd \\ith Mr. Jarvi^ uIk* 
just had a similar experience in his algebra ( la^s. Mthough they were bolh 
(hsmayed by their students* re.sponse. ihcy decided to think about their 
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experiences over the weekend and to meet at lunch on Monday to develop 
a fresh approach. Over the weekend, Mrs. Holmes looked over the notes 
she had taken at the conference. She also read an article on problem 
solving in a recent issue of Mathematics Teacher, At lunch on Monday, she 
and Mr. Jarvis developed a new approach — one that involved some initial 
investment of their class time in order to achieve a long-term benefit i'or 
their students. 

Recovering from the Opening Fiasco: A Strategic 
Approach 

Mrs. Holmes devoted the next geometry period entirely to pr()l)lem solving. 
First, she divided the class into random groups of four and had the students 
turn their desks around so they were facing each other. She gave each 
student a list of problem-solving strategies that she had learned about at 
the mathematics conference. The list included such strategies as "Make 
a table." "Look for a pattern."' ''Draw a diagram." "Guess and t(*st."' '"Act 
it out." "Solve a simpler problem."" and ""Examine extreme cases.** She 
asked the students to put the list in their notebooks and keep it handy for 
easy reference during their pro^^lem-solving activities. She also gave each 
student a set of six problems, one of which was the '"handshake probh^nr* 
from the previous class session, and passed out scratch paper to encourage 
students to write and draw their solutions. She told each group t() select 
three problems and tn develop a group solution for each. They could use 
any of the ideas on the strategy sheet to solve the problems. She let them 
know that about 20 minutes before the end of the period they would stop 
and talk about the problems. As they worked, she walkt^l around, con- 
ferred with students, and answered questions — but she would not solve 
the problems for the students. 

The class got to work. It was noisy. There was arguing and laughter. 
Mrs Holmes moved around, clarifying questions, giving occasional hints, 
and trying to keep the students focused on the task. Studc^'ts w(»uld come 
up with an answer and demand to know if it was right. Although it was 
very hard for her. she would not tell them. She challenged them to Hnd a 
way to convince themselves and her that it was correct. Some of the 
students found the experiencH* very frustrating, as if they restMiled being 
asked to think, but most of the students seemed to enjoy the activity once 
they got settled into it. At the end of the working lime, each group had 
correctly solved at least one problem. Some groups had solved all three. 

hen it came time to discuss the problems. sh(* asked for volunteers. 
Kuo so1v(m1 the handshake problem by drawing a picture (see Figure \-\ 
))v\o\\). She then asked if anybody (*lse had solvt^i that problem in a 
different manner. Mt^lanie presented her solution, which involved making 
a tal)l(^ (s(M^ Figun^ 'U2 below). John said that his group had want(Ml to act 
out the problem, but lliere weren't enough peop^lc in the grtmp. So 
Mrs. Holmes had (Mght students come up and go through all the hand- 
shakes. Suddenly, the ptM'iod was over. As the students uere lea\ ing. Mr^. 
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Fi|5ure 4-1. Kuo'^s Solution to the Handshake Problem, 



H()lrn(*s n'min(l(*(l thrm to keep their work papers in their notebooks. She 
was f(M»lin^ much l)etter al)out her problem-solving adventure than she had 
xhv previous Friday, and she felt that the time she and Mr. Jarvis had spent 
in mapping: out a strategy had been very worthwhile. 

Over lh(^ next two weeks, using bits and pieces of leftover class time, 
Mrs, Holmes and her students finished discussing the five additional prob- 
l(Mn>. Huring this time* she reviewed some of the strategies that were less 
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FM^ur<* 4-3 • Ty ranee's Solution to the Handshake Problem, 

familiar to lurr students, like* nMiiindinj: them to "Examiiu* (^xtn^me cases/* 
The class kf^'pt a record of the prohlem-solvinj: strate<:ies lhal \v(Te used 
and discussed. Students noticed that some prohleins could b(* solvtni by 
several strategies, and that certain fttrategi<*s were used more* fre(|uently 
than others. Tht^y began to develop an effective* repertoire of strategies 
that they could use when solving a new problem. If they got stuck, they 
would consult their own printed list of strategies or the one that 
Mrs. Holmes had enlarged as a poster and hung in the classroom. Mrs. 
Holmes was surprised at bow long it took lo discuss the i)roblems thor- 
oughly, but she could see that it was time well spent. Her students w(t<* 
animatt^d about thtMr problem-solving experiences. an<l they appeared ea- 
ger to share solutions and approaches. Although Mrs. Holmes was some- 
what dismayed that tin* class had fallen behind by a day in tlu* distri<*t 
pacing schedule, she decided that th(* enthusiasm of her students more 
than compensated for the slight delay. 

Mr. jarvis bad also liad a successful problem-solving exp(M*i(*nc(* with 
his elementary algebra class. Now the t(*achers* dilennna was finding a 
suitable way to k(*ep the mom(*ntum going. Since* th(*y were* both reluctant 
to spend another entin* class p(»riod on probl(*m solving, they deci(1ed to 
start a problem-of-the-we(*k contest. Th(*y scoured professional journals, 
pn/zle books, and other sourc(*s \i\ find inlerc^sting problems. It was not 
always possible to find a probb^m directly ndated to the course* cont(Mit 
being stu(li(*d in any giv(*n W(*(^k. but Mrs. Holmes tried to find problems 
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with a geometric flavor, and Mr. Jarvis searched for those that might involve 
some algebra. F^ach M<mday, the students would find a new problem-of- 
the-week on the side board of their classroom. Students were allowed, 
actually encouraged, to work collaboratively to solve each problem. Each 
F^riday. students had an opportunity to present and discuss possible 
solutions. 

Mrs. Holmes and Mr. Jarvis both tried to integrate their ideas on problem 
solving as much as possible into the course content they were teaching. 
They would refer to and use various strategies when solving example 
problems in class, and they encouraged students to use the strategies 
whenever they wanted on their homework exercises. To stimulate discus- 
sion about the strategies, they would take some of the routine problems in 
the textbook and pose them in a more open-ended way. as Mr. Ruiz did 
with the problem in Figure 3-1 and Mrs. Garcia did with her ''Tell me 
everything you know about a circle" question. 



On the Dotted Line: Mrs. Holmes Helps Her Students 
Write About Mathematics 

In F'ebruary. Mrs, Holmes decided it was appropriate to put the following 
nonroutine problem on a chapter test: 

Highways need to be constructed between eight cities so that there is 
a h igh way ( I i rect ly connecting e lery p a i r of cities. How many h igh tea ys 
are needed? 



To mcjtivate the students, she decided to make it an (»xtra-credit problem, 
worth an extra ten points. She told the students that, in order to get full 
credit, they would have to show all their work and explain their solution 
fully. The problem was similar to the handshake problem that had been 
solved in class, and it was solvable in at least two different ways, using 
strategies that were now part of the class repertoire. When Mrs. Holmes 
graded the tests, she fcmnd that about half the class attempted the extra- 
credit problem, and most of these students had the correct numerical 
answer, but only three students had provided a complete, correct expla- 
nation. Most students had simply written down the answer (usually unla- 
l)eled). A few had shown some of their arithmetic, and a f(*\v others had 
shown diagrams thai they had attempted to draw. Mrs. HolnK^s discussed 
her findings with Mr. Jarvis. who had not yet tried putting a nonroutin(* 
problem on one otf his t(*sls. Together, they decided that although the 
students had l)(*coni(* quit(» comfortable in discuissing mathematical prob- 
lems and solution strategies, their oral fluency might not automatically 
transfer to written work. Their students \sv.vv simply unaccustomed to 
writing about mathematical ideas. 

Mrs. Holmes discussed her c\p(M*iencc with a fellow mathematics 
teacher who had n^'cntly attended a district-sponsored workshop on "\\ ril- 
ing Across the ( Curriculum." Mrs. Holmes horrovved the teacher's notes 
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from the workshop in order to develop an approach to helping her students 
explain their mathematical thinking in writing. 

As she had done when she first tried the problem-solving activities, 
Mrs. Holmes divided the class into groups, each containing four students. 
She distributed two problems and told each group to choose one to discuss 
and solve. After a reasonable amount of time, she asked the students to 
return to their individual desks and write out the solution to the problem. 
A few students greatly resisted this activity — imagine writing in a math 
class! Especially resistant were the students for whom English was a 
second language. She found it helpful to group the limited-English students 
together when they shared the same native language. For example, she 
paired two Vietnamese students who spoke the same Chinese dialect. At 
first, they spoke mostly in Chinese, but gradually they communicated more 
in English. 

Despite some difficulties and resistance. Mrs. Holmes |)ersisted. and 
finally all the students turned in their written solutions. When she evaluated 
their written work. Mrs. Holmes made many comments on their papers. 
She was very generous in her praise of students" attempts to explain their 
reasoning, although she did try to make comments that would help them 
to do a better job next time. Over the next few weeks, she repeated this 
activity a few more times and found that, with additiimal practice, the 
students were less resistant, and that it took less time to complete the 
activity. During the remainder of the year, as Mrs. Holmes continued to 
put writing problems on her tests, she noticed that the quality of the 
students' solutions and the completeness of their explanations gradually 
improved. By the end of the course, most of her students had learned to 
explain their ideas and approaches in writing, and to identify and clearly 
label their answers. Moreover, most of the students came to view written 
and oral communication as a natural part of their mathematics class. 

Nothing Succeeds Like Success 

It was not only the students who learned something about thems(»lves and 
mathematical problem solving. By the end of th(* course. Mrs. Holmes had 
developed the courage (which she was cjuite sure she would never have) 
to attack a brand-new problem in front of the class, modeling her thinking 
pnu'esses as she worked toward the solution. Occasionally, she was unable 
to solve a problem completely in (»ne (jay, and it became, a challenge 
problem for everycme to w(jrk (m overnigfil. Her students had learned that 
n()t all problems could or should be solved in five minutes or less, and that 
it was all right t() work on a |>rol)lem over a peri<Kl of time*, so they were 
not troubled by tlies(» prol>l(Mii-solving episodes. 

Mrs. Holmes's inten^st in probI(*m solving also affectc^l lier colleagues, 
as word of iuM* innovations spread around the school. Other teadiers began 
\o give \\vv prol)l(Mns t() solve. In fact, one of licr favorite problems came 
from tlie school custodian. In I)ecemb(T. slie and Mr. Jarvis had occasion- 
ally met to work on [)robkMns at luncli. (Gradually, a colleague or two began 
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to join them. By March, an informal problem-solving group evolved which 
met at lunch once a week. Problems were shared, discussed, and argued 
over. Eventually, the discussions moved beyond the problems to consid- 
ering issues in the teaching of mathematics. As her colleagues learned of 
the successes of her students and those of Mr, Jarvis, they wanted to get 
their own students involved. They met with the principal and planned a 
mathematics department in-service program on problem solving and writ- 
ing in "mathematics for the beginning of the next school year. Although 
many of Mrs, Holmes's colleagues were somewhat skeptical about investing 
a lot of time in correcting students' written work, she was able to convince 
them that it would be time well spent, and that students' improved com- 
munication skills were worth the investment. 



Looking Back: Mrs. Holmes Reflects on the Year 

Was the extra time and energy worth it? Mrs, Holmes conducted an anon- 
ymous survey and found that the students were quite positive about the 
problem-solving experiences they had had during the year. They felt more 
confident about themselves as problem solvers and agreed that the problem 
solving was an enjoyable and worthwhile addition to the class, Mrs, Holmes 
was pleased that more of her students than usual elected to continue in 
the college-preparatory mathematics sequence at her school, in her overall 
evaluation. Mrs, Holmes decided that she was quite satisfied with her 
approach to problem solving and decided to incorporate it in all her classes 
the next school year. 

As she reflected on the year's experience. Mrs, Holmes also realized 
that she had learned to use her class time much more efficiently than 
before. If there were a spare minute or two at the end of the period, she 
would quickly give the class a problem to solve. However, even with her 
efficient use of time, she found that she had to sacrifice a small amount of 
the geometry content toward the end of the yean She covered all of the 
necessary material, but skipped some of th repetitious proofs during 
second-semester geometry. She decided that her students had sufficient 
knowledge of geometric proofs, and that it was more important for them 
to learn a broader range of thinking and analytic skills that would serve 
them well in future mathematics classes — and in life. Given the enthusias- 
tic response of her students, their increased willingness to grapple with 
hard problems and discuss mathematical ideas, and the evidence that they 
had learned the important geometry course content very well, Mrs, Holmes 
was quite pleased with the results of the year. 

Lessons to Be Learned; Further Reflections on 
Mrs* Holmes's Experience 

Mrs. Hohnes's story demonstrates a number of important points. First, it 
really helps to have a coUeague, She clearly benefited from her conversa- 
tions with Mr, Jarvis, in which he not only pn^vided support and encour- 
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agement. but also made substantive suggesti<»ns regarding problems, ac- 
tivities, and approacbes to be used witb students. Mrs. Holmes was 
determined to teach her students problem solving, but sbe was also real- 
istic. She did not try to change everything alx^ut her teaching. Most of 
what she did remained very similar to what she bad done for years, but 
she managed to encourage more inquiry and communication in her class- 
room than she ever bad before. Mrs. Holmes was also patient and flexible. 
She did not expect her students to change immediately, and she was willing 
to encourage her students during their slow, steady journey toward their 
goal. When things did not go well — when she met resistance or failure — 
she was willing to step back, carefully evaluate the situati(m. and seek 
collegial help before reformulating her approach in order to overcome the 
obstacles. She did not hesitate to experiment, and was open to ideas from 
many sources, including professional journals, meetings, and her col- 
leagues, but she also relied on stnmg examples and well-known problems, 
such as the handshake problem. She experimented with a variety of ap- 
proaches — group work, whole class discussions, open-ended investiga- 
tions, writing assignments — until she found the right combination for her- 
self and her students. Mrs. Holmes made time for these activities and 
learned to use her time and that of her students effi(*ienlly and effectively 
to derive maximum benefit for her students. 

Mrs. Holmes's story illustrates that a mathematics teacher can success- 
fully modify instruction to foster increased student in(iuiry and communi- 
cation — making the mathematics classroom a place for thinking through 
mathemati(*s. 
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